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Summary

Relativistic effects, arising from the fast motion of the core electrons and propagating
into the valence region, become very important for the chemical bonding and deter-
mine the optical properties of systems containing heavy atoms. The most rigorous
way to include relativity in the modeling of molecular systems is to use the full 4-
component (4c) formalism derived from the Dirac equation. In this Thesis we treat
electronic correlation and relativistic effects on same footing employing a 4c Dirac-
Kohn-Sham (DKS) relativistic framework as implemented in the BERTHA program.

The interaction of molecular systems with electromagnetic fields can be treated
employing time-dependent density functional theory (TDDFT), which is a widely
used method to compute molecular dynamics properties such as excited state ener-
gies. In the weak field regime, the approach based on the linear response theory in the
frequency domain is adequate. However, a first order method is insufficient in many
circumstances, for example to study atoms or molecules in intense laser fields. In the
real-time approach one seeks to solve the (Dirac-)Kohn-Sham equation directly in the
real-time (RT) domain, resulting in a methodology suitable for both the weak and
strong field regime. Several non-relativistic implementations of RT-TDDFT have been
presented since the last decade. The RT methodology has been used with increas-
ing success in the investigation of several linear and non-linear molecular properties
and phenomena. The application of a RT propagator scheme within the 4c Dirac-
Kohn-Sham model has only recently started and has been only partially explored and
understood.

In this Thesis we tackle the implementation of RT-TDDFT both in the non-
relativistic and relativistic framework, with special emphasis on the latter: our pri-
mary aim is to provide a sound framework to study optical properties in the strong
spin-orbit coupling regime and strong fields. The real-time methodology has been fur-
ther extended to include environmental effects employing Frozen Density Embedding
(FDE) schemes. This Thesis is the result of an international joint supervision PhD
with the Vrije Universiteit Amsterdam, under the supervision of Prof. Dr. Lucas
Visscher.

The outline of the Thesis is as follows. In Chapter 1 we set up a unifying frame-
work based on the time-dependent quantum theory: making use of few key concepts
we derive the most relevant equations of motion, with particular attention to mean-
field theories. In Chapter 2 we review the most recent computational advances in
the BERTHA code: we present some new functionalities that greatly improve the
code usability and we provide an application to the study of the chemical bond. In
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4 SUMMARY

Chapter 3 the implementation of RT propagation both in the non-relativistic and rel-
ativistic frameworks is presented. We proceed from the study of the two-level model
system to realistic systems: group-12 atom excitation energies are investigated in the
4c relativistic framework. In particular we provide a detailed analysis of our data in
comparison to similar calculations reported in the literature. Finally we address the
study of the high harmonic generation, proving the numerical stability of RT scheme
based on the DKS Hamiltonian in the strong-field regime. In Chapter 4 the exten-
sion of FDE to real-time method is presented. Environmental effects on the electronic
structure of the ground state are suitably described within FDE theory. Merging real-
time propagation and Frozen Density Embedding allows us to include environmental
effects on electronic excitations. We tested several systems of increasing complexity,
ranging from the water-ammonia adduct to the acetone molecule embedded in a re-
alistic water cluster. The advantages and potential improvements of the proposed
scheme are highlighted. A critical review of methods for the analysis of excited states
is carried out in Chapter 5: we elucidate differences and analogies between the pre-
sented methods, showing that not all methods are equally effective in describing the
nature of electronic excitations. In Chapter 6 our implementation of some meaningful
methods for excited state characterization is described in a common computational
framework. Finally, in the closing chapter we recapitulate the highlights of the Thesis,
giving a perspective on possible developments.



Introduction and general
outline of the Thesis

Special relativity is acknowledged as a robust theory, deeply verified by experiments.
However, in the chemistry domain, we had to wait until the mid-seventies to prove
that relativistic effects, arising from the fast motion of the core electrons and prop-
agating into the valence region, become very important for the chemical bonding1.
Relativistic effects producing discrepancies between silver and gold were first outlined
by Pyykkö and Desclaux1. The peculiarities of gold are just an example of chemical
properties induced by relativity. Other examples are the liquidity of mercury at room
temperature, lead-acid battery properties2 and spin-orbit coupling. The latter plays
a crucial role in spectroscopy, indeed it determines the fine structure of molecular
spectra and affects the nature of electronic transitions by enabling spin-forbidden
excitations. These phenomena have a tremendous technological impact, for exam-
ple on those devices, such as dye-sensitised solar cells, where light absorption may
be enhanced using complexes containing heavy elements with strong spin-forbidden
transitions3. Also in the biological field, most of the capability of gold complexes to
selectively target protein systems4 are ascribed to relativistic effects controlling the
metal center reactivity in aqueous media5.

The most rigorous way to include relativity in the modelling of molecular systems
is to use the full 4-component (4c) formalism derived from the Dirac equation. The
latter formalism has been introduced by Bertha Swirles in 1935, who set up the first
attempts of relativistic self-consistent field calculations. The self-consistent field the-
ory acquired a more general and elegant form due to I. P. Grant, using Racah algebra.
The experience gained in these studies has been invaluable for the development of the
BERTHA computer program, firstly implemented by H. Quiney and H. Skaane in
the Grant’s group in Oxford. The BERTHA code is basically built around a smart
and efficient algorithm for the analytical evaluation of relativistic electron repulsion
integrals developed by the above authors6, which represents the relativistic general-
isation of the well-known McMurchie-Davidson algorithm.7 The BERTHA program
was subsequently adapted to relativistic density functional theory (DFT) by Quiney
and Belanzoni8. Within DFT, the Dirac-Kohn-Sham (DKS) approach implemented
in BERTHA, is in fact a far more practicable approach to treat electron correlation,
since all the exchange-correlation effects are expressed implicitly by a functional of
the electron density. Recently it has been shown that the range of applicability of

5



6 INTRODUCTION

all-electron DKS calculations can be extended to very large molecular systems and
clusters of heavy atoms by exploiting density fitting techniques and parallelization
strategies.9;14

The interaction of molecular systems with electromagnetic fields can be treated
employing time-dependent density functional theory (TDDFT), which is a widely
used method to compute molecular dynamics properties such as excited state ener-
gies. Usually the approach is based on the linear response theory in the frequency
domain. However a first order approach is insufficient in many circumstances, for
example to study atoms or molecules in intense laser fields. To describe electronic
systems in these regimes, a real-time propagation approach is required, and one seeks
to solve the Kohn-Sham equation directly in the real-time (RT) domain. Several
non-relativistic implementations have been presented (see for instance Ref. 10 and
references therein) after the pioneering work of Yabana and Bertsch11. The RT
propagation approach has been used with increasing success in several contexts, for
example, to study linear and non-linear properties12, core excitations13, conductance
analysis, high-harmonic generation and photoinduced electric currents in molecules.
There are many advantages associated with the RT propagation. From the computa-
tional point of view, the method presents more favourable scaling properties. Indeed,
only occupied states are used in the calculation, and there is no need to consider
further states. The implementation can make use of essentially the same algorithms
already used in the computation of ground state properties. The application of a RT
propagator scheme within the 4c DKS model has only recently started14–16, and has
been only partially explored and understood.

In this Thesis we tackle the implementation of RT-TDDFT both in the non-
relativistic and relativistic framework, with special emphasis on the latter. In pursuing
this goal we make use of a common implementation strategy: we employ prototyping
techniques using Python. Besides fast prototyping, the Python-oriented infrastructure
allowed us to write a portable code and make it easy to provide complete control of
all those parameters which affect the electron dynamics.

Our RT implementation has been used to review a number of literature case stud-
ies. Excitation frequency of the system under investigation has been reported and
benchmarked against results obtained using linear response methods. The real-time
methodology has been further extended to include environmental effects employing
Frozen Density Embedding (FDE) schemes. Excitation energies characterize elec-
tronic excitations, but their measurement or calculation tells us little on the nature
of the excited state. Thus with the aim of elucidating the nature of excited states, a
number of theoretical tools have been reviewed and implemented. The results show
with clarity that not all tools are equally effective.

The outline of the Thesis is as follows. In Chapter 1 the main lines of the time-
dependent quantum theory are presented making use of the two-level model system,
and paying attention to those aspects which are relevant to mean field theories. The
formal derivation of linear response and real-time approaches of time-dependent Den-
sity Functional Theory are also given within the algebraic basis set representation. In
Chapter 2 we review the most recent computational advances in the BERTHA code.
In Chapter 3 the implementation of RT propagation both in the non-relativistic and
relativistic frameworks is presented. As a particularly probing case for a real-time
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implementation, the resonant excitation in the two-level model system is discussed.
Moving to realistic systems, group-12 atom excitation energies are investigated in
the 4c relativistic framework, proving the numerical stability of a RT propagation
based on the DKS Hamiltonian and obtaining accurate results. In Chapter 4 the
extension of FDE to real-time method is presented. FDE for the ground state allows
to describe the polarization induced by the environment on the electronic structure.
Merging real-time propagation and Frozen Density Embedding allows us to include
environmental effect on electronic excitations. A critical review of methods for the
analysis of excited states is carried out in Chapter 5: differences and analogies between
the presented methods help to identify the most promising strategy to characterize
electronic excitations. In Chapter 6 our implementation of some meaningful methods
for excited state characterization is described. Finally, conclusions and perspectives
for future work are outlined.
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Chapter 1

Time-dependent quantum
mechanics

In this Chapter we review the fundamentals of the time-dependent formalism in quan-
tum mechanics. The equations governing the time-evolution of a state will be derived
using Dirac, bra-ket formalism.1 The general equations will be applied to some cases
of interest. In particular the two-level system will receive special attention since is
among the few cases in which the equation of motion can be determined analytically,
giving insight on the underlying physics. The theoretical study of the interesting
cases of coherent oscillations and impulsive excitation in the two-level system allows
us to draw considerations that can be extended to more complex cases. In this review
of the time dependent theory we extensively refer to Chapters 2 and 5 of the book
Modern Quantum Mechanics by J.J Sakurai and J. Napolitano.2. Time-dependent
equations will be reworked using the Liouville-von Neumann formalism3 and finally
presented in the framework of mean-field theory.4;5

1.1 Basic formalism

In this section we outline the theoretical background needed to determine the evolu-
tion of a physical system in time. The state ket representing the system at time t0 is
denoted by |α〉. At later time, the state ket representing the evolved system is:

|α, t0; t〉 , (t > t0) (1.1)

where this notation explicitly denotes that the system used to be in state |α〉 at some
earlier reference time t0, and the limit relation holds:

|α〉 = lim
t→t0
|α, t0; t〉 (1.2)

The above kets can be related by an operator, namely the time-evolution operator
Û(t, t0):

|α, t0; t〉 = Û(t, t0)|α〉 (1.3)

11



12 TIME-DEPENDENT QUANTUM MECHANICS

The operator Û has to satisfy some important properties. Due to probability conser-
vation, i.e the conservation of the ket norm, Û(t, t0) is required to be unitary. With
no loss of generality we expand the state ket at t0 in terms of the eigenkets |a′〉 of
some observable Â:

|α〉 =
∑
a′

ca′(t0)|a′〉 (1.4)

Analogously, at time t, the state ket reads

|α, t0; t〉 =
∑
a′

ca′(t)|a′〉 (1.5)

where in general the individual coefficients are not expected to remain the same, i.e
|ca′(t)| 6= |ca′(t0)|. However to preserve the norm, if the basis is orthonormal, it must
hold that: ∑

a′

|ca′(t0)|2 =
∑
a′

|ca′(t)|2 (1.6)

This property is guaranteed if the time-evolution operator is taken to be unitary:

Û†(t, t0)Û(t, t0) = 1 (1.7)

then probability conservation of the quantum state and unitarity of the operator can
be considered synonyms in this context.

Another important feature ascribed to the Û operator is the composition property:

Û(t2, t0) = Û(t2, t1)Û(t1, t0) (t2 > t1 > t0) (1.8)

We now note that Û(t, t) ≡ 1 and that it is reasonable to assume that an infinitesimal
evolution be proportional to dt, i.e.

Û(t0 + dt, t0) = 1− iΩ̂dt (1.9)

where Ω̂ is a hermitian operator Ω̂ = Ω̂†, With this definition it is easy to verify that

Û(t0 + dt, t0)†Û(t0 + dt, t0) = (1− iΩ̂dt)(1 + iΩ̂dt) ' 1 (1.10)

has the dimensions of a frequency. Using the formalism of canonical transformations
developed in Classical Mechanics and the fact that the Hamiltonian is the “generator
of the system motion with time”6, it can be shown that Ω̂ = Ĥ/~. Applying Eq. 1.9
to Û(t, t0) and using the composition rule we get:

Û(t+ dt, t0) = Û(t+ dt, t)Û(t, t0) =
(

1− i Ĥdt
~

)
Û(t, t0) (1.11)

or
Û(t+ dt, t0)− Û(t, t0)

dt
= −i

(Ĥ
~

)
Û(t, t0) (1.12)

that is:

i~
∂

∂t
Û(t, t0) = ĤÛ(t, t0) (1.13)
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We have thus obtained a first order partial differential equation for the time-evolution-
operator Û . It is easy to see that if both sides of the equation are multiplied by the
state ket |α〉 the time-dependent Schrödinger equation is recovered:

i~
∂

∂t
|α, t0; t〉 = Ĥ|α, t0; t〉 (1.14)

Our aim is now to determine formal solutions of Eq. 1.13. In attempting to solve
this differential equation three cases are encountered: i) the Hamiltonian (Ĥ) is time-
independent, ii) Ĥ is time-dependent but Ĥ at different times commute and iii) Ĥ
at different times do not commute. In the first case, direct integration of Eq. 1.13
provided the solution

Û(t, t0) = exp

[
− i Ĥ(t− t0)

~

]
(1.15)

This can be proved, assuming atomic units (~ = me = e = 1), through Taylor series
expansion

exp[−iĤ(t− t0] = 1− iĤ(t− t0)+
(−i)2

2!
[Ĥ(t− t0)]2+

(−i)3

3!
[Ĥ(t− t0)]3 + . . . (1.16)

which upon time differentiation, yields:

∂

∂t
Û = −iĤ + (−i)2Ĥ2(t− t0) +

(−i)3

2!
Ĥ3(t− t0)2 + . . .

=− iĤ{1− iĤ(t− t0) +
(−i)2

2!
[Ĥ(t− t0)]2 + . . . }

=− iĤÛ (1.17)

In the second case of commuting Hamiltonians at different times, a formal solution is
found replacing Ĥ(t− t0) by

∫ t
t0
dt′Ĥ(t′) in Eq. 1.15, where a similar proof by series

expression holds.
In the third case in which Hamiltonians at different times do not commute, we

mention without proof that the time-evolution operator can be expressed as Dyson
series:

Û(t, t0) =

∞∑
n=0

(−i)n
∫ t

t0

dt1

∫ t1

t0

dt2 . . .

∫ tn−1

t0

dtnĤ(t1)Ĥ(t2) . . . Ĥ(tn)

t1 > t2 . . . > tn

(1.18)

It is worth noting that in Eq. 1.18 the action of the Hamilonians at different
times takes place according to an ordered time-sequence, in other words the products
Ĥ(t1)Ĥ(t2)Ĥ(t3)... are time ordered. We conclude this section showing how to deal
with a situation involving time-dependent potentials.

We consider a time-dependent Hamiltonian such that the following partitioning
applies:

Ĥ = Ĥ0 + V̂ (t) (1.19)
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where Ĥ0 is time-independent and the corresponding energy eigenkets |n〉 and eigen-
values En are known

Ĥ0|n(0)〉 = En|n(0)〉 (1.20)

Suppose the system is initially prepared in state |i〉. The switch-on of V̂ (t) 6= 0
may cause a transition to other states: the problem is non-stationary and the time-

evolution operator is not of the simple form e−iĤ0(t−t0). In general we may ask how
an arbitrary ket changes under the effect of V (t) when the time goes on. Let the
system at t = 0 be prepared in the state corresponding to the ket

|α〉 =
∑
n

cn(0)|n〉 (1.21)

while at some later time t the system is in state:

|α, t0 = 0; t〉 =
∑
n

cn(t)e−iEnt|n〉 (1.22)

The way the state ket at t is written clearly highlights the case in which V (t) is zero.
In that case cn(0) and cn(t) would be identical and the sole phase factor e−iEnt would
account for the time-evolution of |n〉. Conversely the time-evolution of cn(t) is solely
due to the presence of V̂ (t). This separation is convenient because it can be proved
that cn(t) satisfies a simple differential equation, as we shall see in a moment.

1.1.1 The interaction picture

Up to now equations were derived with the implicit assumption that the basis kets are
stationary, the operators representing observables do not depend explicitly on time,
that is their functional form do not change in time, while the state ket evolve accord-
ing to the Schrödinger equation. These conditions define the so-called Schrödinger
picture. State kets and operators will be denoted using the S subscript when referred
to the Schrödinger picture.

The ket in the interaction picture corresponding to the state of the physical system
is defined as

|α, 0; tI〉 = eiĤ0t|α, 0; tS〉 (1.23)

where the subscript I denotes this newly introduced representation. At time t = 0
the two representation of the state, respectively |αS〉 and |αI〉 coincide. Analogously,
an operator Â in the Schrödinger picture is related to the operator in the interaction
picture (ÂI) by:

ÂI = eiĤ0tÂe−iĤ0t (1.24)

Taking the derivative of Eq. 1.23 and noting that |α, 0; tS〉 solves the Schrödinger
equation for the total time-dependent Hamiltonian H, we get:

i
∂

∂t
|α, 0; tI〉 = i

∂

∂t
(eiĤ0t|α, 0; tS〉)

= −Ĥ0e
iĤ0t|α, 0; tS〉+ eiĤ0t(Ĥ0 + V̂ )|α, 0; tS〉

= eiĤ0tV̂ |α, 0; tS〉 (1.25)
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and recognizing that V̂I = eiĤ0tV̂ e−iĤ0t we obtain

i
∂

∂t
|α, 0; tI〉 = V̂I |α, 0; tI〉 (1.26)

which is a Schrödinger-like equation with VI appearing in place of the total Hamil-
tonian. In this representation, if V̂I were zero |α, 0; tI〉 would be fixed in time. From
Eq. 1.22 we have

|α, 0; tI〉 =
∑
n

cn(t)|n〉 (1.27)

Multiplying both sides of Eq. 1.26 by 〈n|, which is fixed in time and inserting in the
right-hand side the closure relation of the basis ket (

∑
m |m〉〈m| = 1) we obtain:

i
∂

∂t
〈n|α, 0; tI〉 =

∑
m

〈n|V̂I |m〉〈m|α, 0; tI〉 (1.28)

where we recognise the time dependent coefficient cn(t) = 〈n|α, 0; tI〉, then using

〈n|eiĤ0tV̂ (t)e−iĤ0t|m〉 = Vnme
i(En−Em)t (1.29)

Eq. 1.28 can be rewritten as:

i
d

dt
cn(t) =

∑
m

Vnme
iωnmtcm(t) (1.30)

where ωnm ≡ En − Em = −ωmn. It should be noted that the differential equation
for cn(t) depends also on the other coefficients cm(t), so that we are dealing with a
system of coupled differential equations which can be rearranged in matrix form as:

i


ċ1
ċ2
...
ċn

 =


V11 V12e

iω12t · · · V1ne
iω1nt

V21e
iω21t V22 · · · · · ·
...

...
. . .

...
Vn1e

iωn1t Vn2e
iωn2t · · · Vnn



c1
c2
...
cn

 (1.31)

1.1.2 Two-level system

Time dependent problems admitting analytical solution form a well defined class,
lying at the heart of quantum mechanics. Notable examples are the simple har-
monic oscillator models (forced oscillator, frequency modulated oscillator), tunnelling
through a barrier7 and the propagators of the Schröding equation for time-dependent
Coulomb and delta potential.8;9 The two-state system is an instructive case in which
the non-perturbative solution exists. Induced oscillations in the two-level system is
an interesting study case. Indeed the two-level model has many physical applications:
spin-magnetic resonance and masers are the most acknowledged. In the following we
report the case of a two-level system with a continuously oscillating potential. We
explicitly derive the solution as proposed in Problem 5.30 of Ref 2.
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The relevant time-dependent potential is a continuously oscillating potential, and
we defined the Hamiltonian as:

Ĥ0 = E1|1〉〈1|+ E2|2〉〈2| (E2 > E1)

V̂ (t) = γeiωt|1〉〈2|+ γe−iωt|2〉〈1| (1.32)

therefore assuming for simplicity V11 = V22 = 0, while V12 = V ∗21 = γeiωt, with
γ assumed to be real. The field appearing in the time dependent potential V (t)
oscillates with angular frequency ω which can be thought as an external parameter,
while γ represents the strength of the coupling between the system and the radiation.

The coupled differential equations (Eq. 1.31) can be explicitly expressed as:

iċ1 = γei∆tc2 (1.33)

iċ2 = γe−i∆tc1 (1.34)

where ∆ is the detuning parameter

∆ = ω − ω21 (1.35)

Taking the time derivative of Eq. 1.34 and substituting Eq 1.33 a second-order differ-
ential equation for c2(t) is obtained:

c̈2 + i∆ċ2 + γ2c2 = 0 (1.36)

Assuming that c1(0) = 1 and c2(0) = 0, that is, only the state |1〉 is populated at
t = 0, the boundary conditions for the problem read:{

c′2(0) = −iγ
c2(0) = 0

(1.37)

Equation 1.36 can be solved using standard calculus techniques. The characteristic
polynomial

r2 + i∆r + γ2 = 0 (1.38)

has roots

r1,2 = −i∆± Ω′

2
(1.39)

where Ω′ denotes the generalized (or detuned) Rabi frequency:

Ω′ =
√

∆2 + 4γ2, (1.40)

and two linearly independent solutions of the homogeneous differential equation are
given by er1t and er2t. The required solution is then obtained as a linear combination

c2(t) = A1e
r1t +A2e

r2t (1.41)

where A1 and A2 are determined by the conditions 1.37, yielding:

c2(t) = −i2γ
Ω′

e−i∆·t/2 sin
(

1

2
Ω′t
)

(1.42)
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Substituting Eq. 1.42 into Eq. 1.34 the expression of c1(t) can easily be found:

c1(t) = ei∆·t/2
{
− i∆

Ω′
sin
(

1

2
Ω′t
)

(1.43)

+ cos
(

1

2
Ω′t
)}

The probabilities of the system being found either in state |1〉 or |2〉 are P1 = |c1|2
and P2 = |c2|2 respectively. Due to probability conservation P1(t) +P2(t) = 1 so that

P2(t) =
4γ2

Ω′2
sin2

(
1

2
Ω′t
)
, P1(t) = 1− P2(t) (1.44)

At the resonance condition, that is when ∆ = ω−ω21 = 0, Ω′ = 2γ (Rabi frequency)
and P1 and P2 reduce to simple expressions:

P1(t) = cos2(γt)

P2(t) = sin2(γt)

This is shown in the left panel of Figure 1.1. The condition for c2 to reach its maximum
can easily be found imposing that

γt =
π

2
+ π k , k = 0, 1, 2... (1.45)

It can thus be seen that at t = π/2γ the two-level system is found in the state |2〉,
and continues to oscillate in time between the two states, alternating the absorption-
emission cycle. It is also instructive to consider the quantity |c2(t′)|2max evaluated
at t′ = π/2γ as a function of the frequency ω of the time-dependent potential. As
previously demonstrated, |c2(t′)|2max = 1 at the resonance, and, as can be seen in
the right panel of Figure 1.1, absorption probability may not be completely negligible
even far from resonance. Moreover, it interesting to note that peak’s full width at
half maximum (fwhm) is 4γ, so that the weaker time-dependent potential (small γ),
the narrower the transition probability.

It is instructive to derive the expectation value of an operator Ô in the state in
the Schödinger picture:

|α, 0; t〉 = c1(t)e−iE1t|1〉+ c2(t)e−iE2t|2〉 (1.46)

assuming that initially the system was in the state |α〉 ≡ |1〉. In the basis set the
operator Ô is represented by the matrix elementsOnm = 〈n|Ô|m〉, thus its expectation
value is obtained as:

〈α, 0; t|Ô|α, 0; t〉 = |c1(t)|2O11 + |c2(t)|2O22+

+ e−iω21tc2(t)c∗1(t)O12 + eiω21tc1(t)c∗2(t)O21 (1.47)

Here we are interested in the expectation value of a rather simple operator, namely
the position operator, since it is related to the dipole moment of the system µ = −〈x̂〉.
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Figure 1.1: Left: Probability for the two-level system to be found in each of the two
state as a function of time at the resonance condition. Right: |c2(t′)|2max shown as
resonance peak centred at the resonance frequency ω21, for two different values of γ
(0.06 and 0.12 as red and blue curves respectively)

Thus Ô = x̂ and, by symmetry considerations, we assume that 〈1|x̂|1〉 = 〈2|x̂|2〉 = 0.
Then we get:

〈x〉 = −2γ

Ω′

[
− ∆

2Ω′
e−iωt +

1

4

(
1− ∆

Ω′

)
e−i(ω−Ω′)t+

+
1

4

(
1− ∆

Ω′

)
e−i(ω−Ω′)t

]
x12 + c.c (1.48)

where 〈1|x̂|2〉 = x12 = x∗21. Apart from the irrelevant global sign, this is the same
expression derived in Boyd.10 Since it is the sum of two numbers which are complex
conjugate of each other 〈x〉 is a pure real number, as we expect for an observable
quantity. Interestingly, the expectation value oscillates at the frequency ω of the field
and at the Rabi sideband frequencies (ω ± Ω′).

We use Eq. 1.48 to simulate the oscillations of the system in the weak and strong
field case. We set the frequency ω to 0.55 a.u, slightly detuned (∆ = 0.07 a.u) from
the natural frequency ω21. In the weak field limit (γ = 0.002 a.u) only the oscillation
at ω survives. Indeed when the coupling between the system and the radiation is weak
Ω′ ≈ ∆, so that the second and third term in expression 1.48 disappear. We show the
absolute value of the Fourier transformation |µ(ω)| in the left panel of Figure 1.2. In
the right panel we show |µ(ω)| when the coupling is stronger (γ = 0.06). In this case
two peaks at the Rabi sideband frequencies (ω ± Ω′) appear: the relative heights is
determined by ∆/Ω′.

1.1.3 Impulsive perturbation

So far we studied the induced oscillations in the two-level system induced by a con-
tinuously oscillating field. However the two-level model can be used to study the time
evolution when an impulsive perturbation (δ-kick) is involved (see Problem 9.3 of Ref
11 and Ref 12). The perturbation is assumed to be:

V̂ (t) = γ δ(t)|1〉〈2|+ γ δ(t)|2〉〈1| (1.49)
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Figure 1.2: Left: Power spectrum of µ obtained in the weak field case (γ = 0.002 a.u):
the peak corresponds to the oscillation at a slightly detuned field frequency ω ≈ ω21

Right: Power spectrum in the strong field case (γ = 0.06 a.u): two peaks denote
oscillations at the sideband Rabi frequencies (ω±Ω′) along with the oscillation at ω.

In the two-dimensional basis we previously defined (|1〉,|2〉) the time-dependent po-
tential has only off-diagonal non-zero elements. The perturbation suddenly turns on
at t = 0, and the system is assumed to be in state |1〉 at earlier times. In fact, |1〉 is
an energy eigenket of H0 and the state ket for the system is, up to a constant phase,
equal to:

|α, 0, t〉 = e−iE1t|1〉, for −∞ < t < 0 (1.50)

again implying that at earlier times |α〉 ≡ |1〉. Following the same strategy used in
the previous case, the two coupled differential equations (1.33,1.34) in this case read:

iċ1 = γδ(t)e−iω21tc2

iċ2 = γδ(t)eiω21tc1
(1.51)

Here, since for any well-behaved function f(t) it holds that f(t)δ(t) = f(0)δ(t), the
equations simplify to:

iċ1 = γδ(t)c2

iċ2 = γδ(t)c1
(1.52)

Conversely the functions c1(t) and c2(t) have discontinuous character, thus in order
to handle such singular right-hand sides, some regularization need to be introduced.
A viable strategy is to substitute the delta function with an approximant and solve
the problem. The δ(t) function can be represented as the limit as t0 → 0+ of the
function:

ht0(t) =

{
1/t0, for − t0

2
≤ t ≤ t0

2

0, otherwise
(1.53)
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Substituting the approximant for δ(t) in Eqs. 1.52 we have:

for 0 ≤ t ≤ t0

2
: iċ1(t) =

γ

t0
c2 (1.54)

iċ2(t) =
γ

t0
c1 (1.55)

Using the same calculus techniques we previously mentioned the second order differ-
ential equation for c1(t) reads as:

c̈1(t) = −
( γ
t0

)2

c1(t) (1.56)

whose general solution can be written as

c1(t) = β0cos
( γ
t0
t
)

+ β1sin
( γ
t0
t
)

(1.57)

Using the boundary conditions c1(0) = 1 and ċ1(0) = 0, we see that the β0 and β1

coefficients have to be equal to 1 and 0 respectively, thus the solutions we seek are:

for t ∈ [0, t0] : c1(t) = cos
( γ
t0
t
)

(1.58)

c2(t) = −i sin
( γ
t0
t
)

(1.59)

These solutions oscillate in the [0, t0] interval, but, as the perturbation is turned off
at t = t0 they stop varying and for t > t0 they assume constant values:

c1(t > t0) = c1(t0) = cos γ

c2(t > t0) = c2(t0) = −i sin γ

It is easy to note that these values are independent of t0. Thus they are independent
of the regularization we imposed, so that it is safe to take the limit t0 → 0 and define:

c1(t > 0) = cos γ

c2(t > 0) = −i sin γ

Using c1 and c2 coefficients defined above, the state ket at t = 0+ is:

|α, 0; 0+〉 = cos γ|1〉 − isin γ|2〉 (1.60)

For t > 0+ we are left with the time-independent Hamiltonian H0 governing the
time-evolution so that

|α, 0; t〉 = cos γ|1〉e−iE1t − isin γ|2〉e−iE2t (1.61)

Equation 1.61 clearly states that when the perturbation is turned off, the system is
left in a superposition of energy eigenstates whose time-independent probabilities are:

P1 = |〈1|α, 0; t〉|2 = cos2 γ

P2 = |〈2|α, 0; t〉|2 = sin2 γ
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Now we are in position to analyze the expectation value of H0, i.e the mean energy
soon after the perturbation is turned off. Such energy is defined as:

E = 〈α, 0; t|Ĥ0|α, 0; t〉
= E1cos2 γ + E2sin2 γ (1.62)

and it is clearly time-independent. We may also ask what the expectation value of
the position operator is. Using again the result of Eq. 1.47 and assuming 〈1|x̂|1〉 =
〈2|x̂|2〉 = 0 the explicit expression is obtained:

〈x〉 = sin(2γ)
[
cos(ω21t)Im〈1|x̂|2〉 − sin(ω21t)Re〈1|x̂|2〉

]
(1.63)

As we have already discussed this expectation value is a real number as we expect
for an observable quantity. In case the matrix representing the position operator is
real, the expectation value 〈x〉 is a pure sine wave oscillating in time at frequency
ω21. Applying the spectral decomposition, that is finding its Fourier components, we
would obtain trivially a single frequency component corresponding to ω21, that is the
energy difference between the two eigenstate |1〉 and |2〉.

1.2 Perturbative treatment: the Dyson series

We have anticipated that few time-dependent problems admit an exact solution, so
that a viable strategy is to approximate solutions to Eq. 1.31 by the perturbative
expansion

cn(t) = c(0)
n + c(1)

n + c(2)
n + . . .+ c(k)

n + . . . (1.64)

where c
(k)
n denotes the amplitude of the k-order in the strength parameter of the

time-dependent potential. Assuming that |i〉 is initially the only populated state, a
proper way of dealing with the perturbative solutions we are seeking would be to
approximate cn on the right hand side of Eq. 1.31 by δni and relate it to the time

derivative of c
(1)
n . The amplitude c

(1)
n is obtained integrating the differential equation.

Repeating the same argument for c
(1)
n , that is substituting it in the right hand side

of (1.31) and integrating we obtain c
(2)
n and so on.

A far more general strategy is to find a perturbative expansion of the time evo-
lution operator in the interaction picture. The time-evolution of the state ket in the
interaction picture |αI〉 can be thought again in term of the action of the appropriate
time-evolution operator ÛI :

|α, t0; tI〉 = UI |αI〉 (1.65)

thus from Eq. 1.26 it is easy so that ÛI satisfies:

i
∂

∂t
ÛI = V̂I ÛI (1.66)

Eq. 1.66 can be solved iteratively and the solution we are seeking is constrained by
the condition

Û(t, t0)I |t=t0 = 1 (1.67)



22 TIME-DEPENDENT QUANTUM MECHANICS

so that the integral solution can be written as:

ÛI(t, t0) = 1− i
∫ t

t0

dt′V̂I(t
′)ÛI(t

′, t0) (1.68)

Starting from Eq. 1.67 and repeatedly substituting the expression of ÛI in Eq. 1.68
the iterative process leads to

ÛI(t, t0) = 1

ÛI(t, t0) = 1− i
∫ t

t0

dt1 V̂I(t1) +O(V̂ 2)

ÛI(t, t0) = 1− i
∫ t

t0

dt1 V̂I(t1) + (−i)2

∫ t

t0

dt1

∫ t1

t0

dt2 V̂I(t1)V̂I(t2) +O(V̂ 3)

...

ÛI(t, t0) = 1 +

∞∑
n=1

(−i)n
∫ t

t0

dt1

∫ t1

t0

dt2 . . .

∫ tn−1

t0

dtnV̂I(t1)V̂I(t2) . . . V̂I(tn) (1.69)

The expression of ÛI (Eq. 1.69) calculated to the n-th arbitrary order is quite in-
volved: at each order n the integrand is a time-ordered product of operators (e.g
V̂I(t1)V̂I(t2) . . . V̂I(tn)), which maps onto the upper limits appearing in the n-dimensional
integral satisfying the inequality t > t1 > t2 > . . . > tn > t0. This series is known as
Dyson series13 after F.J Dyson.

We attempt to smooth the above series considering the O(V̂ 2) term

(−i)2

∫ t

t0

dt1

∫ t1

t0

dt2 V̂I(t1)V̂I(t2) (1.70)

and noting that the integration domain is a two-dimensional space whose points (t1, t2)
satisfies the condition t > t1 > t2 > t0 which is nothing but the time-ordering
condition for the operators appearing in the integral. Setting the upper limit t1 to t,
the integration area doubles. Thus to recover the original term would be sufficient to
multiply the modified term by 1/2 only if VI(t1)VI(t2) commute. In the general case
VI(t) at different times do not commute, so that the correct time-ordered expression
is recovered making use of the time-ordered product T̂ [V̂I(t1)V̂I(t2)] :

(−i)2

∫ t

t0

dt1

∫ t1

t0

dt2V̂I(t1)V̂I(t2) =
1

2
(−i)2

∫ t

t0

dt1

∫ t

t0

dt2 T̂ [V̂I(t1)V̂I(t2)] (1.71)

where the time-ordered product of two operators Â(t) and B̂(t) is defined as:

T̂ [Â(t′)B̂(t)] =

{
Â(t)B̂(t′) t > t′

B̂(t′)Â(t) t′ > t
(1.72)
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Using the same argument for the n-th order term, ÛI can be rewritten as:

ÛI(t, t0) = 1 +

∞∑
n=1

(−i)n
n!

∫ t

t0

dt1

∫ t

t0

dt2 . . .

∫ t

t0

dtn T̂ [V̂I(t1)V̂I(t2) . . . V̂I(tn)] (1.73)

= T̂ e
−i

∫ t
t0
dt′V̂I(t′)

This exponential expression, that is Eq. 1.73 is particularly valuable, since it can
be used to calculate quantities of interest at a given order of the perturbation and
allow to draw important considerations for the implementation of the time-evolution
operator as we shall see later.

The development of any state ket can be predicted once ÛI(t, t0) is known. It
is instructive to establish the connection between ÛI(t, t0) and the corresponding
operator in the Schrödinger picture. From Eq. 1.23 we have that

|α, t0; tI〉 = eiĤ0t|α, t0; tS〉
= eiĤ0tÛ(t, t0)|αS〉
= eiĤ0tÛ(t, t0)e−iĤ0t0eiĤ0t0 |αS〉
= ÛI(t, t0)|αI〉 (1.74)

where eiĤ0tÛ(t, t0)e−iĤ0t0 has been identified with ÛI(t, t0). The matrix element of
ÛI(t, t0) between two energy eigenstate of H0 is defined accordingly:

〈n|ÛI(t, t0)|i〉 = ei(Ent−Eit0)〈n|U(t, t0)|i〉, (1.75)

so that the associated probability obtained taking the square modulus of both sides
reads:

|〈n|ÛI(t, t0)|i〉|2 = |〈n|U(t, t0)|i〉|2 (1.76)

We consider the case where at t ≥ t0 the perturbation is switched-on and the
system is known to be initially represented by state |i〉. In the Schrödinger picture
the corresponding state is |i〉 multiplied by a phase factor

|iS〉 = e−iEit0 |i〉 (1.77)

so that in the interaction picture it holds that

|iI〉 = |i〉 (1.78)

At later time as we have seen earlier

|i, t0; tI〉 = ÛI(t, t0)|i〉 (1.79)

Plugging the identity
∑
n |n〉〈n| = I in Eq. 1.79 we obtain

|i, t0; tI〉 =
∑
n

|n〉〈n|ÛI(t, t0)|i〉 (1.80)
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where we identify 〈n|ÛI(t, t0)|i〉 with cn(t) in full analogy to Eq. 1.27. It is now
straightforward to calculate the expansion of cn(t), substituting in 〈n|ÛI(t, t0)|i〉 the
terms defining the perturbative expansion of ÛI (see Eq. 1.73). For example up to
the second order of the perturbation we have:

c(0)
n = δni

c(1)
n = −i

∫ t

t0

dt′〈n|V̂ (t′)|i〉 = −i
∫ t

t0

dt′eiωnit
′
Vni(t

′) (1.81)

c(2)
n = −i2

∑
m

∫ t

t0

dt′
∫ t0

t′
dt′′eiωnmt

′
Vnm(t′)eiωmit

′′
Vmi(t

′′)

where we have used
ei(En−Em)t = eiωnmt

The transition probability for |i〉 → |n〉 with n 6= i is obtained as:

P (i→ n) = |c(1)
n + c(2)

n + ...|2. (1.82)

The results of the perturbative treatment we have outlined can be also employed to
recover the working equation in linear response theory: the linear response to the
perturbation described by the operator V̂ of the expectation value of some quantity
O with associated operator Ô will be determined by the first-order term (Eq. 1.81).14

1.2.1 Derivation of the Linear Response Function

In this Section we derive the explicit expression of the response to a weak perturbation
of some quantity O associated to an operator Ô. The mean value of a given observable
Ô can be expressed in the interaction picture as:

〈Ô(t)〉 = 〈α, 0; tI |ÔI |α, 0; tI〉 = 〈α|Û†I ÔI ÛI |α〉 (1.83)

If we insert the expansion series defining ÛI (Eq. 1.73) in the previous equation
retaining only the first order terms we get:

〈Ô(t)〉 = 〈α|ÔI(t)|α〉+ i〈α|
∫ t

t0

[V̂I(t
′), ÔI(t)]dt

′|α〉 (1.84)

This expression is usually considered the corner stone in linear response theory, in
particular the first-order response of the system to the perturbation is given by:

δ〈Ô(t)〉 = i〈α|
∫ t

t0

[V̂I(t
′), ÔI(t)]dt

′|α〉 (1.85)

We assume that Ô is a one-particle operator:

Ô =

N∑
i

ô(i) (1.86)
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where the operator ô defines the corresponding matrix elements oij = 〈φi|ô|φj〉 in the
chosen basis. Using the second quantization formalism within the interaction picture
it can be demonstrated that:

Ô =
∑
i,j

oij â
†
i (t)âj(t) (1.87)

where we used the following definitions:

â†i (t) = eiH0(t−t0)â†e−iH0(t−t0) (1.88)

âi(t) = eiH0(t−t0)âe−iH0(t−t0) (1.89)

We discuss the case in which also V̂ is one-particle operator:

V̂ =
∑
k,l

v(t)klâ
†
k(t)âl(t) (1.90)

Using the above definitions, Eq. 1.85 reads as:

δ〈O(t)〉 = i
∑
i,j

oij
∑
k,l

∫ t

t0

dt′〈α|[â†k(t′)âk(t′), â†i (t)âj(t)]|α〉vkl(t′) (1.91)

Now we define the generalized susceptibility as the retarded propagator:

χij,kl = −iθ(t− t′)〈α|[â†j(t)âi(t), â†l (t′)âk(t′)]|α〉 (1.92)

Using the expression of the generalized susceptibility in Eq. 1.91 we can rework the
equation as:

δ〈O(t)〉 =
∑
i,j

oij
∑
k,l

∫ ∞
−∞

χji,lk(t, t′)vkl(t
′)dt′ (1.93)

where the integration limit has been extended since we have explicitly assumed that
V̂ (t) = 0 for t < t0, the condition being enforced by the presence of the Heaviside step
function in Eq.1.92. It is worth noting that the generalized susceptibility contains all
the relevant physics of the (linear) response of the system to the perturbation. In
particular the function

δDij(t) =
∑
k,l

∫ ∞
−∞

χij,lk(t, t′)vkl(t
′)dt′ (1.94)

describes the effects of the perturbation on the probability density of the system.
In the case that Ĥ0 is time-independent, the susceptibility does not depend on t

and t′ variables separately but on the difference t− t′. If the system is initially found
in the eigenstate of H0, |Ψ0〉 and the unperturbed eigenstates are used as expansion
basis set, we can rewrite Eq. 1.92 as:

χij,kl(t− t′) =− iθ(t− t′)
∑
n 6=0

{
〈Ψ0|â†j âi|Ψn〉〈Ψn|â†l âk|Ψ0〉e−i(En−E0)t

− 〈Ψ0|â†l âk|Ψn〉〈Ψn|â†j âi|Ψ0〉e−i(En−E0)t
}

(1.95)
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The generalized susceptibility in frequency domain can be obtained taking the Fourier
transform of Eq. 1.95 according to

χij,kl =

∫ ∞
−∞

χij,kl(t)e
iωte−ηtdt (1.96)

where we have multiplied the integrand by a damping factor where η is a positive
infinitesimal. The infinitesimal enforces the convergence of the integral. Explicitly
the frequency dependent susceptibility reads as:

χij,kl(ω) =
∑
n 6=0

{
〈Ψ0|â†j âi|Ψn〉〈Ψn|â†l âk|Ψ0〉

ω − (En − E0) + iη
−
〈Ψ0|â†l âk|Ψn〉〈Ψn|â†j âi|Ψ0〉

ω + (En − E0) + iη

}
(1.97)

Taking the Fourier transform of Eq 1.93, and recalling that the susceptibility depends
on t− t′ when Ĥ0 is time-independent we obtain that

δ〈o(ω)〉 =
∑
i,j

oij
∑
k,l

χji,lk(ω)vkl(ω) (1.98)

where we used the convolution theorem and recognizing that

δDi,j =
∑
k,l

χij,kl(ω)vlk(ω) (1.99)

is the Fourier transform of Eq 1.94.
It is important to note that the generalized susceptibility contains all the relevant

physical information, in fact χ(ω) has poles at the excitation energies of the system
ωn, while the transition probabilities connecting the reference state and the excited
states are related to residues.15–17

1.3 Liouville-von Neumann formalism

We recall that a density operator can be associated to a pure state ket |ψ〉 according
to

ρ̂ = |ψ〉〈ψ| (1.100)

Manipulating the Schrödinger equation we derive the equation of motion for the
density operator. Thus we take the time derivative of the density operator (ρ̂) and
using its expression in term of |ψ〉 we get:

∂

∂t
ρ̂ =

∂

∂t
|ψ〉〈ψ|

=
( ∂
∂t
|ψ〉
)
〈ψ|+

( ∂
∂t
〈ψ|
)
|ψ〉 (1.101)

We manipulate the right hand side of expression 1.101 using the Schrödinger equation
for |ψ〉 and its complex conjugate to replace the derivatives appearing in parenthesis.
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Thus we obtain

∂

∂t
ρ̂ = −i(Ĥρ̂− ρ̂Ĥ)

= −i[Ĥ, ρ̂] (1.102)

This is the Liouville-von Neumann (LvN) equation (see Ref. 3 and references therein).
In deriving the LvN equation we explicitly referred to the density operator corre-

sponding to a pure state (i.e a state described by a ket). However the density operator
can defined also in the case of a mixed ensemble. A system referred as a mixed en-
semble (or incoherent mixture) is not described by a single ket, rather by a statistical
superposition of kets. The density operator corresponding to mixed ensemble has the
form

ρ̂ =
∑
k

Pk|ψk〉〈ψk| (1.103)

where Pk ≥ 0 are the statistical weights of the pure states: ρ̂ and it satisfies the
normalization condition

Tr(ρ̂) =
∑
k

Pk = 1 (1.104)

since, for the complete basis set {a′}, it must hold that
∑ |a′〉〈a′| = 1.

Another remarkable property of the density operator is that in general the trace
of ρ̂2 is at worst one. Assuming {|ψk〉} to be orthonormal we have∑

a′

〈a′|ρ̂2|a′〉 =
∑
a′

∑
k,m

PkPm〈a′|ψk〉〈ψk|ψk〉〈ψk|a′〉

=
∑
a′

∑
k,m

PkPm〈a′|ψk〉〈ψm|a′〉δkm

=
∑
k

P 2
k ≤ 1 (1.105)

where the equality holds only in the case of a pure state. When this condition is met
the density operator satisfies the idempotency condition :

ρ̂2 = ρ̂. (1.106)

We may now consider the unperturbed two-level system as a simple example of the
application of this formalism. The matrix representing the unperturbed Hamiltonian
consists only of diagonal elements, (i.e H11 = ε1 and H22 = ε2) while the density
operator is represented by

ρ =

(
ρ11 ρ12

ρ21 ρ22

)
(1.107)

where ρmn = 〈m|ρ̂|n〉 for m,n = 1, 2. Considering the matrix representation of
Eq. 1.102 and explicitly carrying out the matrix multiplication at the right hand side
we get

∂

∂t

(
ρ11 ρ12

ρ21 ρ22

)
= −i

(
0 (ε1 − ε2)ρ12

(ε2 − ε1)ρ21 0

)
(1.108)
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which is equivalent to

∂

∂t
ρ12 = −i(ε1 − ε2)ρ12 ,

∂

∂t
ρ21 = −i(ε2 − ε1)ρ21 (1.109)

while ρ11 and ρ22 are clearly constant. Solving the differential equations 1.109 we
obtain

ρ12(t) = e−i(ε1−ε2)tρ12(0) , ρ21(t) = e−i(ε2−ε1)tρ21(0) (1.110)

Eq. 1.108 can be recast, using matrix-vector multiplication, as

∂

∂t


ρ12

ρ21

ρ11

ρ22

 = −i


ε1 − ε2 0 0 0

0 ε2 − ε1 0 0
0 0 0 0
0 0 0 0



ρ12

ρ21

ρ11

ρ22

 (1.111)

which is known as the Liouville representation. The density operator is represented as
a column vector and the commutator [Ĥ, ρ̂] is represent as “superoperator” L acting
on ρ:

∂

∂t
ρ = −iLρ (1.112)

which in matrix notation reads as:

∂

∂t
ρmn = −i

∑
kl

Lmn,klρkl. (1.113)

So far we described the unperturbed system, but it is straightforward to include
a time dependent interaction using the Liouville representation. As an example we
consider the interaction with an electric field,

E(t) = 2E0 cosωt = E0(eiωt + e−iωt) (1.114)

within the dipole moment approximation so that the interaction term is −µ · E(t).
Considering only the z-component of the electric field the complete Hamiltonian reads

Ĥ = ε1|1〉〈1|+ ε2|2〉〈2| − µzEz(t)(|1〉〈2|+ |2〉〈1|) (1.115)

where µz = 〈1|µ̂z|2〉 = 〈2|µ̂z|1〉 and we assume that 〈1|µ̂z|1〉 = 〈2|µ̂z|2〉 = 0, thus the
field does not couple diagonally to the dipole operator.

The introduction of the interaction term has the effect of populating the off-
diagonal element of the superoperator L, according to

L =


ε1 − ε2 0 −µzEz(t) µzEz(t)

0 ε2 − ε1 µzEz(t) −µzEz(t)
−µzEz(t) µzEz(t) 0 0
µzEz(t) −µzEz(t) 0 0

 (1.116)

We are not going further into the discussion of the two-level system, but we point out
that Liouville representation allows a straightforward way of including the dephasing
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dynamics, that is when the diagonal elements of the density matrix stop to oscillate
with time. Indeed in compact notation is sufficient to add an operator Γ acting on ρ:

∂

∂t
ρ = −iLρ− Γρ. (1.117)

We conclude by noting that along the path we followed a hierarchy of represen-
tations has been introduced: each “level” it makes possible to add news physics:
the Schrödinger equation is the first level, being the usual starting point for further
derivations:

∂

∂t
|ψ〉 = −iĤ|ψ〉 (1.118)

This is limited to pure states. The Liouville-von Neumann equation,involving the
density operator, permits the treatment of mixed ensembles, (second level)

∂

∂t
ρ̂ = −i[Ĥ, ρ̂] (1.119)

Finally, in the third level, the Liouville representation permits to include additional
physics

∂

∂t
ρ = −iLρ− Γρ. (1.120)

We conclude here the presentation of the Liouville-von Neumann formalism, with-
out addressing further aspects of the theory such as the perturbative treatment of the
density operator leading to the expression of the polarization and response function.
Also the Liouville-space pathways and the two-sided Feynman diagram representation
of the response function which is of interest in high-order susceptibility studies is not
addressed and we refer the interested reader to Ref. 3 for an excellent account.

1.4 Time-Dependent Self-Consistent Field Theory

In mean-field theories the wave function is assumed to be a single Slater determinant
(SD) of orbitals. Identifying |i〉 as the ket corresponding to the i-th molecular orbital
used to build the SD, the density operator turns out to be:

ρ̂ =

Nocc∑
i

|i〉〈i| (1.121)

Expanding the density operator (i.e the outer product |i〉〈i|) in a basis set, we have

ρ̂ =
∑
r,s

∑
i

cric
∗
si|χr〉〈χs|

=
∑
r,s

|χr〉Drs〈χs| (1.122)

where Drs =
∑
i cric

∗
si is an element of the density matrixD = CoccC

†
occ. The density

operator in Eq. 1.122 can be represented in the basis by taking its matrix elements
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〈χp|ρ̂|χq〉:
ρpq =

∑
r,s

SprDrsSsq = (SDS)pq (1.123)

where Ssq is an element of the overlap matrix between the basis functions: 〈χs|χq〉 =∫
χ∗s(r)χq(r)dr.

The idempotency condition we previously mentioned (i.e ρ̂2 = ρ̂) in matrix repre-
sentation reads:

DSD = D (1.124)

Notably, the density matrix D satisfies the condition that the trace of the matrix
product DS yields the number of electrons (see Appendix A for a proof):

Tr[DS] = Ne (1.125)

Evaluating the matrix representation of Eq. 1.102, we note that

〈χp|Ĥρ̂− ρ̂Ĥ|χq〉 =
∑
r,s

HprDrsSsq − SprDrsHsq (1.126)

thus the Liouville-von Neumann equation in matricial form reads as:

iS
∂D

∂t
S = HDS − SDH. (1.127)

The above matrix equation can be further simplified if an orthonormal basis is used
so that S = I. In Appendix A we give an alternative derivation based on the time-
dependent self-consistent equation of motion.

1.4.1 Linear Response Method

The general linear response theory has been outlined within the perturbative ap-
proach, where the expression of the generalized susceptibility has been derived. We
recall that the general susceptibility contains all the information about transition
energies and transition probabilities from the ground state.

Density Functional Theory (DFT) is one of the most successful theories due to its
accuracy at a reasonable computational cost. Its time-dependent version (TDDFT)
is widely used for calculating electronic excitations. Linear response TDDFT (LR-
TDDFT) can be derived via the exact energy-dependent susceptibility18 χ(r, r′, ω)
(Eq. 1.97).

Here we present an alternative route19 to the derivation of the LR-TDDFT equa-
tion, using the density matrix formalism that makes the manipulation of the suscep-
tibility unnecessary.

We address the problem of studying the first-order response of the density matrix
to a single oscillatory perturbation represented by the operator

V̂ =
1

2

[
γ̂ω e

−iωt + γ̂−ω e
−iωt] (1.128)
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where the one-electron operators γ̂±ω refer to the positive- and negative-frequency
component of the perturbation and satisfy the condition

γ̂−ω = γ̂†ω (1.129)

It is important to note that the corresponding time-dependent perturbation is ex-
pressed according to14:

V̂ (t) =
1√
2π

∫ ∞
−∞

f(ω)
1

2

(
γ̂ωe
−iωt + γ̂ωe

−iωt)dω (1.130)

where f(ω) is the Fourier transform of the time-dependent amplitude F (t):

f(ω) =
1√
2π

∫ ∞
−∞

F (t)eiωtdt (1.131)

and it satisfies the condition f(ω) = f(−ω). Substituting the definition 1.131 in
Eq. 1.130 the time-dependent perturbation reads

V̂ (t) = F (t)
γ̂ω + γ̂−ω

2
(1.132)

In the following matrix indices i, j, k... refer to occupied orbitals, while a, b... refer to
virtual orbitals and p, q, r... correspond to general orbitals.

We start rewriting Equation 1.127 in an orthonormal basis such as the ground
state KS orbitals

i
∂D

∂t
= FD −DF . (1.133)

where D and F are the density and Kohn-Sham Hamiltonian matrices, respectively.
We denote ground state quantities using a (0) superscript. Then we recall that the
following conditions hold:

D(0)D(0) = D(0) (1.134)

[D(0),F (0)] = 0 (1.135)

the former being the idempotency condition for the ground state density matrix while
the latter describes that ground state density and Hamiltonian commute. The unper-
turbed Kohn-Sham Hamiltonian matrix elements reads as

F (0)
pq =

〈
φp

∣∣∣− 1

2
∇2 − vnuc(r) +

∫
d3r′

ρ(r′)
|r − r′| +

δExc

δρ(r)

∣∣∣φq〉 (1.136)

In the orthonormal basis of unperturbed ground state orbitals F (0) simplifies to F (0) =
δpqεp ,while D(0) reads as

D
(0)
ij = δij (1.137)

D
(0)
ai =D

(0)
ia = D

(0)
ab = 0 (1.138)
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When the oscillatory perturbation is applied, as we have already mentioned, only the
linear term is considered. In particular the density matrix is assumed to be the sum
of the unperturbed ground state and its first order time-dependent change:

D = D(0) +D(1) (1.139)

The same holds for the time-dependent Kohn-Sham Hamiltonian:

F = F (0) + F (1) (1.140)

Substituting Equations 1.139 and 1.140 into Eq 1.133, and collecting all of first order
terms we get:

[F (0)D(1) −D(1)F (0) + F (1)D(0) −D(0)F (1)] = i
∂

∂t
D(1) (1.141)

The first-order change of the Kohn-Sham Hamiltonian can be expressed as the
sum:

F (1)
pq = vpq + ∆F (0)

pq (1.142)

where ∆F
(0)
pq is the change in the KS Hamiltonian due to the change of the density

and vpq is the matrix element of the V̂ operator:

vpq =
1

2
[γpqe

−iωt + γ∗qpe
iωt] (1.143)

By analogy to Eq. 1.143 the time-dependent change of the density matrix induced
by the perturbation of the KS Hamiltonian can be expressed as

D(1)
pq =

1

2
[dpqe

−iωt + d∗qpe
iωt] (1.144)

where dqp represent the perturbation density.19

Turning to the change of the KS Hamiltonian due to the change of the density we
have that

∆F (0)
pq =

∑
st

∂F
(0)
pq

∂Dst
D

(1)
st (1.145)

The derivatives read explicitly as:

∂F
(0)
pq

∂Dst
=

∂

∂Dst

〈
φp

∣∣∣ ∫ d3r′
ρ(r′)
|r − r′| +

δExc

δρ(r)

∣∣∣φq〉 (1.146)

The derivative of the first term in the right hand side can be rewritten as:〈
φp

∣∣∣∑
rv

∂Drv

∂Dst

∫
φ∗r(r

′)φv(r′)
|r − r′| d3r′

∣∣∣φq〉 = 〈ps|qt〉 (1.147)
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while the last term involving the second functional derivative of the exchange-correlation
energy Exc, (i.e the xc kernel fxc), is manipulated analogously:

∂

∂Dst

〈
φp

∣∣∣ ∫ d3r′
δ2Exc

δρ(r′)δρ(r)
δρ(r′)

∣∣∣φq〉 =〈
φp

∣∣∣ ∫ d3r′
δ2Exc

δρ(r′)δρ(r)

∑
rv

∂Drv

∂Dst
φ∗r(r

′)φv(r
′)
∣∣∣φq〉 =

〈
φpφs

∣∣∣ δ2Exc

δρ(r′)δρ(r)

∣∣∣φqφt〉 = 〈ps|fxc|qt〉 (1.148)

Finally, collecting all the terms the derivative reads:

∂F
(0)
pq

∂Dst
= 〈ps|qt〉+ 〈ps|fxc|qt〉 (1.149)

Inserting Equations 1.144 -1.145 in Eq 1.141 and collecting all terms that are multi-
plied by e−iωt yields the following expression∑

q

[
F (0)
pq dqr − dpqF (0)

qr +

(
vpq +

∑
st

∂F
(0)
pq

∂Dst
dst

)
D(0)
qr − (1.150)

D(0)
pq

(
vqr +

∑
st

∂F
(0)
qr

∂Dst
dst

)]
= ωdpr (1.151)

It can be shown that the idempotency condition (Eq 1.134) restricts the form of the d
matrix in the previous equation such that occupied-occupied and virtual-virtual blocks
dii and daa are zero and only occupied-virtual blocks dia and dai survive. Moreover,
exploiting the diagonal nature of the unperturbed Hamiltonian and density matrices
two coupled equation are obtained:

F (0)
aa xai − xaiF (0)

ii +(
vai +

∑
bj

{
∂F

(0)
ai

∂Dbj
xbj +

∂F
(0)
ai

∂Djb
ybj

})
D

(0)
ii = ωxai (1.152)

F
(0)
ii yai − yaiF (0)

aa +

D
(0)
ii

(
via +

∑
bj

{
∂F

(0)
ai

∂Dbj
xbj +

∂F
(0)
ai

∂Djb
ybj

})
= ωyai (1.153)

where we set xai = dai and yai = dia to follow conventional nomenclature. In the
zero-frequency limit, that is the assumption that the electronic transition occurs for
an infinitesimal perturbation, vai = via = 0 and making use of the fact that in the

basis of canonical orbitals F
(0)
pp = εp and D

(0)
ii = 1 the previous coupled equation can

be arranged as a non-Hermitian eigenvalue equation(
A B

B∗ A∗

)(
X

Y

)
= ω

(
1 0

0 −1

)(
X

Y

)
(1.154)
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where the eigenvalue ω is the excitation energy and X and Y matrices are related
to the response density as we shall see in Chapter 5. Turning to matrices A and B,
they are given as:

Aia,jb =δijδab(εa − εi) + 〈ij|ab〉+ 〈ij|fxc|ab〉
Bia,jb = 〈ij|ab〉+ 〈ij|fxc|ab〉 (1.155)

We remark that the equation would have the same structure if the Hartree-Fock (HF)
Hamiltonian were employed, although the definitions of the matrix elements differ
in their last term. In LR-TDHF the last terms correspond to the response of the
nonlocal HF exchange potential, which yield a Coulomb-like term.

We conclude noting that even though in the derivation we have explicitly made use
of the non-relativistic Kohn-Sham Hamiltonian, the generalization to the relativistic
variant, that is the Dirac-Kohn-Sham Hamiltonian, is straightforward leading to an
equivalent non-Hermitian eigenvalue problem.20

1.4.2 The Real-Time Methodology based on a single determi-
nant

In the present Section we briefly introduce the real-time- methodology based on single
determinant. We will address the problem in great detail in Chapter 3.

We have found that the Liouville-von Neumann equation for the density oper-
ator maps into a matrix equation for the density matrix D associated to a single
determinant of molecular orbitals.

In order to obtain the time-dependent density matrix and any associated mean
value of a given operator, we need to solve Eq 1.127 in the time domain:

i
∂D

∂t
= FD −DF . (1.156)

Here lies the foundation of the real-time methodology: the density is propagated in
time and its evolution determines the time-dependent properties of the system.

The KS/HF matrix (F (t)) is defined in the most general way as

F (t) = T + vnuc + (1− c)Vxc[ρ(t)] + J [ρ(t)] + cK[ρ(t)] + vext(t), (1.157)

where T and vnuc are the one-electron kinetic energy and intramolecular nuclear
attraction terms, respectively. Depending on the parameter c the pure KS (c = 0) and
HF (c = 1) Hamiltonian are obtained. The explicit time dependence of F (t) is due to
the time-dependent external potential vext(t), which accounts for the interaction of the
system with an applied electric field E(t). Even in the absence of an external field the
Fock operator is implicitly dependent on time through the density matrix D(t) in the
Coulomb (J [ρ(t)]) and exchange-correlation/HF-exchange terms (Vxc[ρ(t)]/K[ρ(t)]).

The propagation in time of the density matrix can be expressed as

D(t) = U(t, t0)D(t0)U(t, t0)† (1.158)

where U(t, t0) is the matrix representation of the time-evolution operator.
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Our starting point is the unperturbed system with the electronic ground state
density matrix D(t0) expressed in the orthonormal basis of ground state molecular
orbitals, assuming the form

D(t0) =

(
1oo 0ov
0vo 0vv

)
,

where 1oo is the identity matrix over the occupied orbital space of size nocc (total
number of electrons). The D matrix has dimension ntot (ntot = nocc + nvirt) that is
total number of the basis functions.

In the most general case, the time-evolution operator can be expressed by means of
the Dyson series that we have already seen in Eq. 1.73 and we report here in compact
notation using the time-ordering operator T̂

U(t, t0) = T̂ exp

(
− i
∫ t

t0

F (t′)dt′
)

(1.159)

The time ordering is necessary since F (t) at different times do not necessarily com-
mute ([F (t),F (t′)] 6= 0). We will discuss the above aspect, in particular how to deal
with the time-ordering requirement in a separate Section of Chapter 3, since this is a
fundamental aspect in algorithm design and implementation.

We conclude recalling that once the time-dependent density matrix has been ob-
tained, the expectation value of the dipole moment reads as

µji (t) = Tr[PiDj(t)]− µ0
i (1.160)

where the label i denotes the spatial component (i = x, y, z) of the dipole moment
operator, while the label j identifies the direction of the perturbing field E(t)uj acting
on the system.

Once the induced dipole moment in known, the polarizability tensor and the power
spectrum can be obtained. We will devote Chapter 3 to the technical aspects con-
cerning the calculation of molecular spectra. It is important to note that the spectral
analysis of the induced dipole moment allows to calculate excitation energies and
transition probabilities from the ground state, but the information about the nature
of the transition are also provided by the transition dipole moment and the associated
transition density, which are not directly obtained in real-time simulation. In Chapter
5 we will review these concepts in the spirit of seeking suitable analysis schemes for
the characterization of electronic excitation.

Finally we remark that the Liouville-von Neumann equation and its application
to the mean-field theory framework is totally general since we have never explicitly
referred to a particular Hamiltonian model. Thus the time-dependent equations we
derived apply both to non-relativistic model Hamiltonians, and to relativistic ones.
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Chapter 2

BERTHA: implementation of
a four-component
Dirac-Kohn-Sham relativistic
framework

*

In this Chapter we present and review the most recent computational advances in the
BERTHA code. BERTHA can be regarded as the state of the art in fully relativistic
four-component Dirac-Kohn-Sham (DKS) software. Thanks to the implementation of
various parallelization and memory open-ended distribution schemes in combination
with efficient “density fitting” algorithms, it greatly reduces the computational burden
of four-component DKS calculations. We also report the newly developed OpenMP
version of the code, that, together with the berthamod Python module, provides a
significant leap forward in term of usability and applicability of the BERTHA software.
Some applications of the recently developed NOCV/CD bonding analysis are also
reported.

2.1 Introduction

It is well known that when the speed of a moving particle approaches the speed of
light relativistic effects become apparent. In the chemistry context this translates
into a well known fact: relativistic effects strongly influence the chemical and phys-
ical properties of heavy elements and their compounds.1–6 The special properties of
gold, notably including its catalytic activity both in homogeneous and heterogeneous
media7, the liquidity of mercury at room temperature, the fact that lead-acid bat-
teries derive most of their voltage from relativistic effects, are only a few examples of

*Originally published in J. Chem. Phys. 2020, 152, 164118, Belpassi, L.; De Santis, M.; Quiney,
H. M.; Tarantelli, F.; Storchi, L. BERTHA: Implementation of a four-component Dirac-Kohn-Sham
relativistic framework.
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chemical properties governed by relativity6. Among other effects, spin-orbit coupling
plays a crucial role in spectroscopy: it not only modifies the energetics of the electronic
states, but also affects the nature of electronic transitions and enables spin-forbidden
excitations. These phenomena are relevant in the context of modern technologies
including, for example, dye-sensitized solar cells and organic light emitting diodes,
where the quantum yields of light absorption and emission may be enhanced using
complexes containing heavy elements with strong spin-forbidden transitions8. Spin-
orbit coupling is also important in the spin-forbidden chemical reactions which involve
a change in the total electronic spin state from reactants to products.9 Recently, the
seventh row of the periodic table has been officially filled with the addition of four
new elements10. Being all the Super Heavy Elements (SHEs) short-lived and one-
atom-at-a-time man-made in heavy ion induced nuclear reactions, the study of their
chemical properties requires a great joint effort between theory and experiment.11–15

The most rigorous way to introduce relativity in the modeling of molecular systems
is to use the four-component (4c) formalism derived from the Dirac equation. The full
4c formalism is particularly appealing because it affords a great physical clarity and
represents the most rigorous way of treating explicitly and ab initio all interactions
involving spin, which are today of great technological importance16;17 . Furthermore,
rigorous relativistic theory offers the natural framework to describe the interaction of
particles with electromagnetic fields, as they both are relativistic entities. Starting
with the fundamental principles embodied by the Dirac equation, however, a myriad
of approximate methods have been proposed over the years.17;18 The basic motivation
for the use of these reduced-Hamiltonian methods has historically been the assump-
tion that the full 4c approach is too computationally demanding. In point of fact,
this assumption effectively hindered both the theoretical and computational develop-
ment of the rigorous 4c framework for many years. The proper relativistic treatment
of electrons possesses significant qualitative differences with respect to approximate
methods. A pedagogical example is given by the nodes in the position probability
density (i.e. surfaces in space at which the probability of an electron being there is
exactly zero), that in a proper relativistic approach are absent, see Ref. 19. Inciden-
tally, it is surprising that, this quite fundamental aspect is generally ignored by most
of classical quantum chemistry text-books.

A number of 4c molecular relativistic electronic structure software programs are
available and are currently under active development. Among others we mention the
Beijing Density Functional program (BDF)20, the Respect code21, the DIRAC22 and
BAGEL23 program packages. With the exception of the DIRAC program, the other
4c codes are maintained by a single research group. Thanks to the efforts of these
research groups the relativistic quantum chemistry community is constantly growing.
Full 4c calculations have an intrinsically larger computational cost than analogous
non-relativistic approaches mainly because of the complex matrices it is necessary to
handle, the increased work involved in the evaluation of the basic quantities from the
spinor amplitudes, and the intrinsically larger basis sets usually required.

Because of this intrinsic high computational cost, the development of all 4c codes
is driven by the design and implementation of sophisticated algorithmic tricks to
increase the speed of the calculations. These advanced algorithms found inspiration
in the developments carried out within the larger non-relativistic quantum chemistry
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community or explicitly devised taking into account the specificity of the structure
of the 4c Hamiltonian. The development of algorithms which are the state-of-art in
quantum chemistry calculations can be very exciting but in some cases can be also
frustrating, in particular for a new developer (typically a PhD student), because of
the details of the specific implementation. Participating in the development of a large,
existing in-house quantum chemistry code requires a significant effort in deciphering
complex code and, typically, has a high initial barrier to progress. This is also the
case for the 4c codes, which have an even more complex structure due to the Dirac
equation. Software engineering aimed to lower this initial barrier is therefore highly
desirable and a number of projects are going exactly in this direction24.

The present work describes the modern implementation of the all-electron 4c
Dirac-Kohn-Sham (DKS) formalism in the package BERTHA. The BERTHA code
is basically built around an efficient algorithm for the analytical evaluation of rela-
tivistic electronic repulsion integrals, developed by Quiney and Grant more than a
decade ago, 16;25;26 which represents the relativistic generalization of the well-known
McMurchie-Davidson algorithm25;27. The basis functions employed are termed G-
spinors, and are two-component spin-orbit-coupled functions derived from spherical
Gaussian-type functions28. We have shown that it is possible to greatly reduce the
weight of the computational burden of a DKS calculation, by implementing various
parallelization and memory distribution schemes29–31 and by introducing other ap-
proaches, such as those based on density fitting32–34.

The evolution of BERTHA has been guided by the historical trend of the com-
puting architectures. Indeed, clearly over the years we moved from single CPU work-
station, to cluster of workstations and finally to the present era of many cores and
massively parallel computers35. The effort we devoted along the years makes the
current implementation of BERTHA able to carry out 4c DKS calculations in an
extremely efficient way and has extended the applicability range of all-electron DKS
calculations to large clusters of heavy metals29–31. All-electron 4c DKS calculations
can now be applied to a wide range of molecular systems and different scenarios, for
example to explicitly and easily detect the spin-orbit coupling effects in the chemical
bond36–39.

The second important enhancement we introduced to the BERTHA code has been
the introduction of a Python Application Programming Interface (API), which we
called PyBERTHA40;41. Undoubtedly, in the last years the Python high-level pro-
gramming language 42 has gained enormous popularity, not only within the scien-
tific community.43 Following the same path as other Quantum Chemistry software
like Psi424, we developed the berthamod Python module to facilitate the use of the
BERTHA code, and thus of fully relativistic 4c DKS calculations. This gives us an
ideal starting point for the necessary further development of the methods of relativis-
tic theory. Above all, the berthamod Python module has proved to be ideal for the
rapid prototyping of new calculation schemes such as, for instance, the Natural Or-
bitals for Chemical Valence/Charge Displacement (NOCV/CD) analysis scheme36;38,
or the real-time TDDKS (RT-TDDKS) approach41;44;45.

After reviewing the basic theory of the DKS methodology and the cited algorithmic
advances including interesting details of our memory open-ended implementation, we
present a completely new development of the code based on OpenMP46 and describe
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our Python API framework, PyBERTHA. Finally, we present the application of the
recently developed NOCV/CD analysis36;38 using the PyBERTHA41 environment.
The RT-TDDKS implementation will be the main topic of Chapter 3.

2.2 Theory

In this Section we highlight some peculiar aspects of the DKS formalism, whose four-
component nature is clearly evident from the eigenvalue equation. In atomic units
and including only the longitudinal electrostatic potential, the DKS equation reads

{cα · p + βc2 + v(l)(r)}Ψi(r) = εiΨi(r), (2.1)

where c is the speed of light in vacuum, p is the electron momentum,

α =

(
0 σ
σ 0

)
and β =

(
I 0
0 −I

)
(2.2)

where σ = (σx, σy, σz), σq is a 2 × 2 Pauli spin matrix and I is a 2 × 2 identity
matrix. The longitudinal interaction term is represented by a diagonal operator bor-
rowed from non-relativistic theory and made up of a nuclear potential term vN(r), a

Coulomb interaction term v
(l)
H [ρ(r)] and the exchange-correlation term v

(l)
XC[ρ(r)]. We

mention that the Breit interaction contributes to the transverse part of the Hartree
interaction and is not considered here. Note that for the large class of time-reversal
invariant systems (that is, closed-shell molecules) it does not contribute to the inter-
action16;47.

The spinor solution of Eq. 2.1 is expressed as a linear combination of G-spinor
basis functions28 (MT

µ (r) with T = L, S):

Ψi(r) =


∑N
µ=1 c

(L)
µi M

(L)
µ (r)

∑N
µ=1 c

(S)
µi M

(S)
µ (r)

 (2.3)

where L and S refer to the so-called “large” and “small” component respectively

and the c
(T )
µi are expansion coefficients to be determined. The collective index µ

works as a tag for the set of parameters (coordinates of the local origin and exponent,
fine-structure quantum number and magnetic quantum number) completely charac-
terizing the Gaussian-based two-component objects MT

µ (r)28. The G-spinors do not
suffer from the variational problems of kinetic balance (see Ref. 48 and references
therein) and, regarding the evaluation of multicentre integrals, retain the advantages
which have made Gaussian-type functions the most widely-used expansion set in non-
relativistic quantum chemistry.

The matrix representation of the DKS operator in the G-spinor basis is given by

HDKS =

[
V (LL) +mc2S(LL) cΠ(LS)

cΠ(SL) V (SS) −mc2S(SS),

]
(2.4)

where
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V (TT ) = v(TT ) + J (TT ) +K(TT ). (2.5)

The eigenvalue equation in the algebraic representation is

HDKS

[
c(L)

c(S)

]
= E

[
S(LL) 0

0 S(SS)

] [
c(L)

c(S)

]
(2.6)

where c(T ) are the spinor expansion vectors of Eq. 2.3. The HDKS matrix is

defined in terms of v(TT ),J (TT ),K(TT ),S(TT ), and Π(TT ′) matrices, being the ba-
sis representation of the nuclear, Coulomb, and exchange-correlation potential, the
overlap matrix, and the matrix of the kinetic operator. The nuclear charges have
been modeled by a finite Gaussian distribution49. The resulting matrix elements are
defined by

v(TT )
µν =

∫
vN (r)ρ(TT )

µν (r)dr (2.7)

J (TT )
µν =

∫
v

(l)
H [ρ(r)]ρ(TT )

µν (r)dr (2.8)

K(TT )
µν =

∫
v(l)

xc [ρ(r)]ρ(TT )
µν (r)dr (2.9)

S(TT )
µν =

∫
ρ(TT )
µν (r)dr (2.10)

ΠTT ′

µν =

∫
M (T )†
µ (r)(σ · p)M (T ′)

ν (r)dr. (2.11)

The terms ρ
(TT )
µν (r) are the G-spinor overlap densities. These quantities can be

expressed as linear combinations of quantities derived from two-component objects,
according to the rules

ρ(TT )
µν (r) = M (T )†

µ (r)M (T )
ν (r)

=
∑
ijk

E
(TT )
0 [µ, ν; i, j, k]H[αµν ; i, j, k; r]. (2.12)

These are finite superpositions, with coefficients E0, of standard Hermite Gaussian-
type functions (HGTFs) H[αµν ; i, j, k; r] (see, e.g., Ref. 50). The E0 coefficients,
which contain the whole spinor structure, are described in Ref. 51 and have been fur-
ther generalized using effective recurrence relations28. The ranges of the summations
over i, j and k are determined uniquely by the indices that specify the basis functions
and in particular are related with the angular momentum quantum numbers of the
two spinors involved (see Ref. 16 for details).

The HDKS matrix depends on ρ(r) in v
(l)
xc [ρ(r)] and v

(l)
H [ρ(r)], through the canon-

ical spinors obtained by its diagonalization. Thus, the solutions c(T ) are solved self-
consistently.

In the G-spinor representation, we define the density matrices as follows

D(TT ′)
µν =

∑
i

c
(T )∗
µi c

(T ′)
νi . (2.13)
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where the sum runs over the occupied positive-energy states. The total electron
density is obtained according to

ρ(r) =
∑
T

∑
µ,ν

D(TT )
µν ρ(TT )

µν (r). (2.14)

The computation of the Coulomb and exchange-correlation contributions to the
DKS matrix, Eq. 2.8 and 2.9, respectively, is the most demanding computational step
in a DKS calculation involving a G-spinor basis set. The construction of the Coulomb
matrix requires a severe computational effort, so that the DKS approach was limited
to small molecules for long time. The complexity resides in the additional degrees of
freedom associated with single-particle four-spinors. Compared to the non-relativistic
case, for example the matrices are doubled in size and are complex. In general, larger
basis set are required compared with a non-relativistic treatment, but this does not
introduce any new unfavorable scaling with respect to number of particles, other than
in an increase in the scaling prefactor.

As mentioned in the Introduction the current version of BERTHA takes advantage
of recently-developed fitting techniques for the evaluation of Coulomb J 32;33 and
exchange-correlation K matrices34. The relativistic density is thereby expanded in a
set of Naux auxiliary atom-centered functions, as follows

ρ̃ =

Naux∑
t=1

dtft(r). (2.15)

The coefficients dt are chosen to minimize the Coulomb metric leading to a linear
system for the vector of fitting coefficients d, given by

Ad = v, (2.16)

where A is a real and symmetric matrix, representing the Coulomb interaction
in the auxiliary basis, Ast = 〈fs || ft〉 while the vector v is the projection of the
electrostatic potential on the fitting functions,

vs =
∑
α

∑
i,j,k

H0[α; i, j, k]〈fs ||α; i, j, k〉 (2.17)

expressed in terms of two-electron integrals 〈fs ||α; i, j, k〉 between the auxiliary
function fs and the Hermite Gaussian type functions (HGTF) H[α; i, j, k; ]. The
coefficients H0[α; i, j, k] are the generalization of the scalar Hermite density matrix
proposed by Almlöf52;53. They incorporate the entire spinor structure plus the infor-
mation carried by the density matrix through the relation

H0[α; i, j, k] =
∑
T

∑
µ,ν→α

E
(TT )
0 [µ, ν; i, j, k]D(TT )

µν , (2.18)

here the second summation runs over all basis function pairs, with the same ex-
ponent α and origin, resulting from the Gaussian product theorem.
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For the exchange-correlation K matrix we adopt a similar strategy by solving for
z in the linear system

Az = w, (2.19)

where the vector w is the projection of the exchange-correlation potential of the
fitted density on the fitting functions

ws = 〈ṽ(l)
xc |fs〉 =

∫
ṽ(l)

xc [ρ̃(r)]fs(r)dr. (2.20)

The elements of the vector w, which involve integrals of the exchange-correlation
potential, are computed numerically by the integration scheme already implemented
in the code.47 The current implementation of BERTHA does not use any screening
methods to speed-up their evaluation.

Once the vector d and z have been computed, the Coulomb and the exchange-
correlation contributions to the DKS matrix can be computed in terms of 3-center

two-electron integrals I
(TT )
s,µν = 〈fs || ρ(TT )

µν 〉:

J̃ (TT )
µν + K̃(TT )

µν =

Naux∑
t=1

I
(TT )
t,µν (dt + zt) (2.21)

It turns out that both the vector v and the fitted Coulomb J̃ and exchange-

correlation K̃ matrices reduce to the calculation of I
(TT )
s,µν and two-electron integrals,

〈fs ||α; i, j, k〉, between the auxiliary function fs and the HGFTs (Hermite Gaussian-
type functions). The efficiency of computation of these integrals determines the ef-
ficiency of the density fitting approach. The computation of two-electron repulsion
integrals between two HGTFs is very simple; therefore the most natural choice for the
auxiliary basis function is HGTF. This permits the direct evaluation of two-electron
integrals in Eq. 2.17 between HGTFs without any further superfluous transforma-
tions. An additional simplification arises from the use of primitive HGTFs that are
grouped together in sets sharing the same exponents33. The sets are defined in such
a way that a specified auxiliary function of a given angular momentum is associated
with all the corresponding functions of smaller angular momentum sharing the same
exponent. This reduces the burden of the expensive operation of evaluating large
numbers of Gaussian exponents at each grid point34.

In the present implementation of BERTHA we use exchange-correlation function-
als and associated potentials that depend only on the density, rather than on the rel-
ativistic four-current, and pragmatically non-relativistic density functionals are used
that were not explicitly designed for use in relativistic calculations. BERTHA is cur-
rently interfaced with the LIBXC library54, which provides a portable, well tested
and reliable set of exchange and correlation functionals that are used by several non-
relativistic DFT codes. LDA, GGA and meta-GGA type exchange-correlation func-
tionals can be used in what is called the “density-only” approximation55, which means
that the exchange-correlation functional depends only on the electron density, its gra-
dient (in the case of GGA) and on the Laplacian of the electron density (in the case of
meta-GGA) and not on other variables such as spin density or magnetization55, which
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may also be used to reparametrize the exchange-correlation potential. This means
that it is also possible to treat molecular systems with an odd number of electrons,
however the approach is not particularly accurate to catch the spin-polarization ef-
fects which are important for both the ground state of open-shell systems and in those
electronic excitations which involve spin-flipping. Several directions can be envisaged,
including the use of auxiliary variables as scalar and non-collinear density, which en-
sure a retro-fitting of existing non-relativistic density functionals design for collinear
density in the spirit of the work of Li et al.56 or the recent work of Komorovsky et
al.57 An effort in this direction is currently underway in our laboratory in an attempt
to combine a non-collinear scheme with the variational density fitting algorithm, in
order to maintain the efficiency of the implementation.

2.3 Computational details

The BERTHA project started several years ago51 as a monolithic FORTRAN77 serial
code. The code was built around an efficient algorithm for electron repulsion integrals
developed by Quiney and Grant. We mention that the BERTHA integral kernel can
evaluate both the Gaunt and the full Breit integrals over G-spinor basis set, however
their calculation has not been optimized since their original implementation51, and the
inclusion of the full Breit interaction is therefore limited to small molecular systems
and mainly used for benchmark studies58.

The current version of BERTHA and, specifically, its DKS module has been com-
pletely and deeply reworked through an intense code refactoring. We greatly extended
the applicability of four-components DKS calculations to molecular systems29–31 con-
taining several heavy or super heavy elements, thanks to the introduction of novel
parallelization and memory distribution strategies. We have also introduced a new
Python42 API that has significantly improved the usability of the BERTHA code40;41.

In Figure 2.1 we report the fundamental structure of BERTHA. We reworked
substantially the original monolithic FORTRAN code so that in the new version all
the basic kernel functions are now collected in a single Shared Objected (SO), lib-
bertha.so. Alongside there are two other SO libraries: libberthaserial to perform
the serial and OpenMP59 run, and libberthaparallelshm containing all the func-
tions needed to perform MPI60 based parallel computations and memory distribution.

On top of these libraries we implemented two FORTRAN command line programs
(i.e. CLIs, Command Line Interfaces) that can be used to run DKS calculations
both in serial as well as in parallel mode (both using MPI60 or OpenMP59). We
also implemented a FORTRAN module, named bertha wrapper, containing a set
of methods to access to all the basic quantities, such as energy, density, DKS and
overlap matrices and other. The same FORTRAN module is used also to access all
the basic BERTHA functionalities such as: bertha init to perform all the memory
allocations, bertha main to run the main SCF iterations, and bertha finalize to
free all the allocated memory, and more. Finally the main PyBERTHA61 module
has been developed using the ctypes Python module. This module provides the
C-compatible data types, and allows calling functions collected in shared libraries.
In order to simplify the direct interlanguage communication between Python and
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libbertha.so libberthaserial.so libberthaparallelshm.so
FORTRAN libraries 

bertha_wrapper

FORTRAN module 

bertha CLI
FORTRAN text-based user

interface (UI)  
(serial, OMP, MPI) executables  

c_wrapper 
C wrapper 

pybertha
Python class 

Figure 2.1: An overview of the BERTHA software and High-Level Languages layers.

FORTRAN, we developed a C layer called c wrapper, also summarized in Figure 2.1.
This Python API to BERTHA is described in detail in section 2.3.3; in the following
we illustrate the parallelization strategies which are currently used in BERTHA.

2.3.1 Parallelization strategy: open-ended memory distribu-
tion

We already reported all the details about the parallelization strategy adopted,29–31

along with a number of examples14;16 clearly showing the actual capability of the
code. Here we briefly summarize the general characteristics of the idea we pursued.

Any 4c DKS calculation, because of its intrinsic characteristics, requests larger
memory and CPU times with respect to a non-relativistic DFT codes. The main
reasons may be identified from several facts16. Firstly, due to presence of the Large
and Small components, the basis set is doubled in size compared to non-relativistic or
two-component calculations. Secondly we typically perform all-electron calculations,
that is we never adopt pseudopotential approach based on the discrimination between
core and valence electrons (i.e. an approximation able to significantly reduce the com-
putational burden). Furthermore, the heavy or super-heavy elements which are often
involved in our studies carry a high numbers of electrons, which requires extended
basis sets with intrinsically high angular momentum. Finally, all the matrices we are
considering are complex matrices requiring double-precision complex algebra, which
increases memory and computational load.
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To best summarize the fundamental improvements we have introduced, it is useful
to recall the main steps of each SCF iteration: i) carry out the density fitting32

ii) build up the Coulomb plus exchange-correlation J + K matrix (during the first
iteration also the one-electron and overlap matrices are computed and stored, as they
do not vary from cycle to cycle), iii) assemble the HDKS (Dirac-Kohn-Sham matrix)
and iv) solve the eigenvalue problem to finally obtain a new density matrix to start
the next iteration. The introduction of the density fitting procedure32;33 was crucial
to make the J - and K-matrix construction more efficient. The technique, besides
reducing the formal scaling from O(N4) to O(N3), achieves also a dramatic reduction
of the prefactor, by as much as two or three orders of magnitude when heavy elements
are involved. Depending on the quality of the density fitting basis sets adopted, we
found errors in the Coulomb energy ranging from less than 10−3 up to a limit of
10−7 hartree for particularly extended fitting basis set. Typically, as we reported in
different contexts, the density fitting technique affects only to a small extent the final
energies33;36.

Evidently, during the SCF procedure, the main memory allocation is due to several
double-complex matrices: the overlap matrix S, the one-electron matrix, the density
matrix, the Coulomb plus exchange-correlation matrix J +K, and the matrix of the
eigenvectors. Therefore two crucial points behind an optimal parallelization of the
code are: an efficient computation of the matrices and a distribution of the memory
usage.

To achieve the first target, which is efficient computation, we adopted ScaLA-
PACK62 whenever linear algebra operations are needed. Secondly, to efficiently com-
pute the J and K matrices, as well as all the one-electron Hamiltonian and overlap
matrices, we exploit an intrinsic characteristic of those matrices. Indeed, we found
that a simple and efficient parallel construction of the matrices can be achieved by
cyclically assigning to each process the allocation and computation of blocks whose
offsets and dimensions depend on the specific structure of the G-spinor matrices29.
This approach is superior to a master-slave one29 and naturally guarantees an al-
most perfect load-balancing in the HDKS matrix construction and achieves a very
significant increase in computational speed31.

The automatic load balancing feature also ensures an optimally even memory dis-
tribution among the various processors, with the J + K matrix evenly distributed
among the processes. We refer to such a block structure as Integral Driven Distri-
bution (IDD). It should be noted that the ScaLAPACK algorithms use instead the
so-called Block Cyclic Distribution scheme (BCD).

Therefore, at the core of the parallel MPI63 version of BERTHA there are two
communication routines (iddtobcd and bcdtoidd), which perform a fast mapping
between the IDD and BCD distribution schemes. As we have previously shown, the
time needed to perform the mapping represents less than 1% of the total SCF iteration
time in a wide range of molecular systems31. We can thus safely assert that the current
implementation of BERTHA has state-of-the art memory-distributed parallelism and
it is virtually open-ended in terms of memory requirements, making the application of
4c DKS approach feasible for almost arbitrarily large molecular systems (for example,
systems such as the Au32 cluster, with 25216 basis functions31).

In Figure 2.2 we report a schematic representation of the IDD and BCD distribu-
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Figure 2.2: Integral Driven Distribution (IDD) on the left panel and Block Cyclic
Distribution (BCD) on the right panel for the J +K matrix of the Au2 gold cluster
(matrix size 1576) distributed among P = 4 processes using a 2× 2 process grid and
a ScaLAPACK block size of 32. The process ID (i.e. MPI rank) owning the block is
identified by a different color: red(0), green (1), blue (2) and yellow (3). See text for
further details.

tions, for the J +K matrix of the Au2 system in a 2× 2 process grid configuration.
The coloring of each of the block identifies the process in charge of the given block.
It is important to note that, while the reported IDD scheme accurately represents
the actual block size, in the BCD case we are always representing a block of a fixed
dimension (i.e. 32 × 32) because it also represents the null elements. The depicted
schematic representation clearly shows that, with respect to the IDD one, the BCD
scheme is a regular distribution, where each block (in our case a 32×32 block) is cycli-
cally assigned to a process identified by its column and row index. The P processes
of a generic parallel execution are, in ScaLAPACK, mapped onto a Pr × Pc two-
dimensional process grid of Pr process rows and Pc process columns , where Pr × Pc
it is equal to P .

In Figure 2.3 we report an overview of the general procedure we implemented
to perform the mapping between the two distribution schemes, that is of both the
iddtobcd and bcdtoidd routines. As summarized in the workflow, Figure 2.3, each
process establishes an array containing a list of the ranks (MPI process identifiers)
it needs to communicate with, together with the number of elements to be sent.
Then, each process allocates and packs all the data (elements of the matrix) in some
send-buffers. Finally the communication can take place.
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Setup info array

Allocate send-buffers

Pack the owned data (along with the related desti-
nation Indices, so local indices) into the send-buffers

Communicate

Deallocate send-buffers

Figure 2.3: Workflow related to the iddtobcd and bcdtoidd routines, see text for
details.

Algorithm 1 Pseudocode related to the communicate step involved in the iddtobcd
and bcdtoidd routine

for all active processes do
if my turn then

broadcast my info array and send packed data
else

allocate receive-buffer according to info array
made available by the sender

receive and unpack data
deallocate receive-buffer

end if
end for

The actual communication routine is reported as a pseudocode in Algorithm 1. In
both cases, that is for both iddtobcd and bcdtoidd procedures, the communication
step is performed running a loop over all the processes; each process, during its shift,
performs a broadcast to share the info array. In such a way, all the processes that need
to receive some data can allocate the necessary memory to subsequently perform the
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actual receive routine. The whole procedure, as we already underlined, is so efficient
that, in most cases, it never takes more that 1% of the total SCF iteration time.

We conclude this section by underlining two significant points. First, having all the
matrices distributed at all times, some simple algebraic operations, such as the sum
needed to obtain the finalHDKS to be diagonalized, are naturally parallelized because
each process performs the sum over the local array. Secondly, and most importantly,
the new version of BERTHA is fully parallelized and memory distributed. Clearly,
this gives us the theoretical opportunity of not being limited by the serial portion
of the code or memory requirement per core in achieving the maximum achievable
speedup 64. For a complete description of the parallelization strategy adopted also
for the less time-consuming steps we refer the reader to our previous work29–31.

Finally, because our code is capable of rapidly mapping all the matrices from the
IDD representation to the more general BCD one, we can easily exploit the potential
of other linear algebra libraries, such as ELPA65. This might be used, for example,
to overcome limitations related to the partially poor scalability of the diagonalization
step due to the use of SCALAPACK library. Moreover, this prepares BERTHA to
be ready for the exascale and heterogeneous computing era. Indeed, we can easily
exploit the nowadays availability of GPU resources in the BERTHA code to perform
the linear algebra operations using the cited ELPA library. Though, to fully exploit
the capability of heterogeneous platform, a deeper code refactoring is clearly needed.
The approach described here is sufficiently general to be applied quite easily also to
any electronic structure software, increasing its potential value.

2.3.2 Parallelization strategies using OpenMP

Since the very beginning of integrated circuit development, an increase in computa-
tional speed was observed, thanks mainly to the ever-increasing clock frequencies and
sophisticated in-built optimization strategies. Nowadays, due to well-known physical
limitations, this “free lunch” of computational speedup has inevitably ended. The var-
ious computer architects are trying to escape this limitation by planning and building
multi-core processors; multi-core architectures may easily achieve up 128 cores per
node. While one can clearly exploit the capability of multi-core processors using the
MPI version of BERTHA, a much more natural choice is to adopt a natively shared
memory application programming interface as OpenMP46.

We recently developed an OpenMP parallel version of BERTHA. The overall ap-
proach we used is similar to the MPI one reviewed above, however the implementation
is clearly much more transparent. In the MPI version we basically developed a set
of functions to substantially emulate a shared memory over the Message Passing
Interface. In the OpenMP version of BERTHA we distributed the computational
burden, during the various time-consuming steps, especially the computation of the
one electron and overlap matrices and computation of the J and K matrices, us-
ing a parallelized loop. On that account, while the final distribution scheme of the
computational load is almost identical to the MPI one, clearly, thanks to the native
shared memory environment, the final implementation of it is much more straight-
forward, once the private and shared data are properly identified. Concerning the
linear algebra operations we can easily take advantage of the multithreaded version
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of the BLAS and LAPACK routines 66, so that we do not need to modify the code
with respect to the serial version, but just link the appropriate library. In Table 2.1
we report the elapsed real time of the main phases of the DKS calculations, for a set
of molecules and atoms of increasing size, as a function of the number of concurrent
processes/threads (cores in our case) employed. We evidence that, while in the case
of the OpenMP version we show the time versus the number of threads used, in the
MPI/ScaLAPACK version we indicate the ScaLAPACK grid shape used. In general,
the reported elapsed times show a good match between the OpenMP and the MPI/S-
caLAPACK version of the code, both showing a good overall speedup. Nevertheless,
it is important to note that we are generally limited in the speedup mainly by the
diagonalization step. Indeed we demonstrated that the results we can, for example,
obtain for the sole J + K matrix computation are extremely good (see Ref. 30 and
31 ), as we are able to achieve almost the 90% of the ideal speedup when using 256
processors. There are, however, some specificities of the MPI/ScaLAPACK version
that should be noted.

Firstly, the ScaLAPACK diagonalization time is always lower than that of the
equivalent multithreaded version of LAPACK. This is because, using the pzhegvx
ScaLAPACK routine, we are able to select the subset of eigenpairs to be computed30

(the occupied spinors) and this is an evident advantage respect to the full diagonal-
ization provided by the zhegv multithreaded routine.

Secondly, since we are executing the code on a 24 core computing node, we decided
to run the computation using at most 24 threads/processes. In the case of the MPI/S-
caLAPACK version we always try to perform the calculation using square processes
grid, considering that we found a spread in performance of up to 50%, with rectangu-
lar grids appearing to be relatively unfavorable for the diagonalization step compared
to square ones30. Consequently, because we cannot define a square processes grid us-
ing 24 cores, this results on a performance decrease of the MPI/ScaLAPACK version
of the BERTHA code when a 6× 4, or equivalently 4× 6, grid is used. For the sake
of completeness, we want to underline this point by reporting that, for example, in
the case of the Au16 gold cluster the speedup is indeed going from 10.5 to 9.4 and
again up to 14.2 when a processes grid of 3 × 3 or 6 × 4 and again a square one of
5× 5 is used (evidently, in the latter case, we are using two nodes interconnected via
InfiniBand networking).

Given the previous points, we may safely conclude that while the OpenMP ver-
sion is somehow more adequate when a relatively lower number of cores is used,
we can easily exploit the capability of massively parallel systems using the MPI/S-
caLAPACK version of the BERTHA code. This conclusion is strengthened by the
results reported in Figure 2.4, where the memory usage profile for both versions of
the code is reported. Indeed, by looking at the left panel of Figure 2.4, it is clear
that the memory distribution scheme we adopted in the MPI/ScaLAPACK version of
BERTHA it is working admirably well. In cases when we are bounded by the number
of available computing nodes the OpenMP version is a wonderful alternative. If, in-
stead, we are dealing with bigger molecular systems the MPI/ScaLAPACK version of
BERTHA represents a more suitable choice, being also virtually unlimited in terms of
the number of exploitable computing resources (cores, CPUs, computing nodes and
memory).
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Figure 2.4: Total amount of memory used by the parallel version of the BERTHA
code for the Au16 gold cluster. Specifically, on the left panel the RSS (Resident Set
Size) per process is reported as a function of the number of MPI process (in our case
equivalent to number of cores). On the right panel, instead, we are reporting the total
RSS used by the MPI/ScaLAPACK and OpenMP version of the code as a number of
processes/thread used (equivalent to the number of cores in our case).

2.3.3 PyBERTHA: a Python Application Program Interface

As already stated at the beginning of the present section, the Python programming
language is emerging as one of the most important and popular High-Level Language
(HLL)43;68 also in the field of scientific computing. Besides providing an extensive
range of modules to be used to solve a comprehensive set of computational problems,
Python HLL enables quick prototyping and was a natural choice for the BERTHA
project.

The BERTHA Python API61 is composed of a single module named berthamod
and a single Python class named pybertha (see Figure 2.1 for a precise overview of
the software layers involved). In the same module there are some utility routines such
as: read ovapfile, read vctfile, complexmat to doublevct and doublevct to complexmat.
While the first two may be internally used to eventually read the Overlap matrix
file and the eigenvectors matrix as written by the FORTRAN code, the latter two
(i.e. complexmat to doublevct and doublevct to complexmat) play a fundamental role
in the interlanguage communication process.

All the complex arrays involved in the computation, for example the matrix of
the molecular spinors coefficient, the Fock matrix and its eigenvalue matrix, and the
overlap matrix, are worked out and prepared at the FORTRAN layer, thanks to the
iso c binding module. They are then converted to proper NumPy quantities using
the doublevct to complexmat. Consequently, the complexmat to doublevct routine is
instead used to perform the opposite operation, that is to convert a NumPy complex
array into a C/FORTRAN one. The whole mapping process, taking advantage of some
vectorization techniques, is very efficient, so that the overall impact of the Python
binding is almost never greater then 0.1%, which is clearly negligible40;41.

Without going into finer detail, it is nevertheless interesting to briefly describe the
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methods implemented in the pybertha class, which can be easily used to compute and
retrieve all the basic quantities. The approach is quite general and its basic structure
may be applied to other electronic structure software which has a computational
core written in FORTRAN. In Chapter 3 we will employ the PyBERTHA Python
API in the implementation of real-time TDDFT in the context of the relativistic 4c
Dirac-Kohn-Sham theory, as developed in the BERTHA code. The user initializes the
instantiated pybertha object by calling the init() method (the init() method has a
single input parameter being the bertha wrapper Shared Object filename). In the
present version of the code the input geometry, basis and fitting set need to be specified
via a file and the related set fnameinput and set fittfname methods. Additionally
the pybertha class is populated with all the basic functionality required to implement
basic procedures as a single-point energy calculation (using the run and get etotal
methods), or geometry optimization. Much more complex methods are available, such
as a real-time TDDFT41;44 (using realtime init, get realtime dipolematrix and
get realtime fock to obtain the DKS matrix given as an input a density matrix).

The FORTRAN to Python interlanguage communication are facilitated by a C
layer, see Figure 2.1. This layer is particularly useful especially when one has to deal
with different FORTRAN compilers. Indeed each FORTRAN compiler produces a
different symbol name for the same subroutine. Clearly, this FORTRAN characteristic
can be easily managed using the C preprocessor directives.

The final point we would like to underline is the possibility of using both the
OpenMP as well as the MPI/ScaLAPACK version of the FORTRAN code from the
Python layer, to take advantage of the performance improvements that have been
introduced. Regarding the MPI/ScaLAPACK BERTHA version the user can clearly
utilize all its features using mpi4py69. Nevertheless, in order to fully exploit the
memory distribution advantages of the code one needs to work with distributed ma-
trices also at the Python layer. Otherwise the user has the ability of collecting all
the matrices in a single process to continue the computation, at the Python layer,
using standard quantities as NumPy arrays. The use of the OpenMP version of the
BERTHA code, via the Python API, is instead much more direct, as it does not re-
quire any specific activities by the user. The only requirement is that the berthamod
module refers to the shared object libberthaserial generated using the compile op-
tion enabling the OpenMP directives.
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2.4 Results

We report here some interesting results that clearly demonstrate the enhanced us-
ability and the applicability of our implementation of fully relativistic 4c DKS cal-
culations. In particular we will show that the PyBERTHA framework can lower the
barrier to implement new electronic structure methods in a 4c context.

2.4.1 The NOCV/CD analysis scheme

The analysis of the chemical bond plays a key role in chemistry. Recently, some of us
introduced a simple yet powerful tool for analyzing quantitatively the coordination
bond in terms of the donation and back-donation constituents of the Dewar-Chatt-
Duncanson model. The approach is based on the decomposition, via natural orbitals
for chemical valence (NOCV)70;71, of the so-called charge-displacement (CD) func-
tion into additive chemically meaningful components72. The method, referred to as
NOCV/CD, provides clear-cut measures of donation and back-donation charge flows
occurring upon bond formation, and its robustness has been demonstrated by a tight
correlation of the charge-transfer estimates with experimental observables73–75. Very
recently, we extended the NOCV/CD analysis scheme to the 4c relativistic frame-
work, which variationally includes spin-orbit coupling, on the basis of a standard
FORTRAN implementation in BERTHA36. The analysis allowed us to single out
meaningful contributions to the carbon-metal bond in coinage-metal cyanides38 (in-
cluding s-d hybridization in coinage metals) and the peculiar role played by the spin-
orbit coupling in halogen bonding involving astatine39. In the following, we show how
the method can be easily implemented within the PyBERTHA framework and using
the NumPy module for the linear algebra. The resulting code remains efficient and
very readable.

In the NOCV approach36;76–78 the electron density rearrangement taking place
upon formation of an AB adduct from the fragments A and B can be decomposed
into additive contributions. It is clear that the final electron density rearrangement
and its NOCV decomposition depend on the specific electronic states chosen for the
fragments. The antisymmetrized product of determinants of A and B (in their elec-
tronic ground state) is used to construct the reference density. We refer to these

spinors as c0. As a first step to evaluate the c
0(T )
µi coefficients (T = L, S) we construct

the matrix C+, whose columns contain the coefficients representing in the basis set

the spinors belonging to the isolated fragments (c
(T )
A and c

(T )
B for the fragments A

and B, respectively). The column index runs over the occupied spinors of the isolated
fragments ranging from 1 to Nocc

A +Nocc
B . Every column is internally ordered following

the G-spinor basis set definition as implemented in BERTHA, so that the coefficients
are divided in two groups: those pertaining to the large component (T = L) and
those pertaining to the small component (T = S).

In other words, C+ is constructed by assembling the sub-matrices c
(L)
A , c

(L)
B , c

(S)
A ,
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and c
(S)
B with an equal number of null matrices as follow:

C+ =



c
(L)
A 0

0 c
(L)
B

c
(S)
A 0

0 c
(S)
B


(2.22)

In the PyBERTHA framework all the matrices needed to assemble C+ can be ob-
tained quite easily. For the given fragment, the relevant molecular settings (geometry,
basis set) are parsed from the input file (specified via fnameinput()) and the main
method is initialized as reported in Algorithm 2. In the reported code, it is easy to
note that the matrix of the molecular spinor coefficients are returned as a NumPy
object by the pybertha.run() method along with the Fock (fockm) and its eigenvalues
(eigen) matrix, and the overlap matrix (ovapm) it is returned as well.

Algorithm 2 A simple four-component relativistic DFT program implemented using
the berthamod Python module.

import berthamod

bertha = \
berthamod.pybertha(”bertha wrapper.so”)

fnameinput = ”input.inp”
fittfname = ”fitt2.inp”

bertha.set fnameinput(fnameinput)
bertha.set fittfname(fittfname)
bertha.set thresh(1.0e-12)

bertha.init()
ovapm, eigenv, fockm, eigen = bertha.run()

Although the calculation of molecular spinors of the fragments and the adduct
obviously requires separate runs, this task applies equally well to all these steps and
it can be carried out by the same all-in-one Python script, avoiding the storage of data
(matrices) into secondary memory storage, such as files. Afterwards, the C+ (cplus)
matrix is assembled using the matrix indexing formalism reported in Algorithm 3.
In the reported Python code ndimX and noccX (X=a,b,ab), are the dimension of the
G-spinor basis and number of occupied spinors, respectively, of the given molecular
species, represented by the corresponding cmatX matrices.

The new orthonormalized orbitals c0(T ) are defined as

c0(T ) = c
(T )
+ O

−1/2
+ , (2.23)
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Algorithm 3 The Python code to assemble the C+ (cplus) matrix, see text for
details.

cplus[0:ndima/2,0:nocca] =
cmata[0:ndima/2,0:nocca]

cplus[ndimab/2:ndimab/2+ndima/2,0:nocca] =
cmata[ndima/2:,0:nocca]

cplus[ndima/2:ndimab/2,nocca:] =
cmatb[0:ndimb/2,0:noccb]

cplus[ndimab/2+ndima/2: ,nocca:] =
cmatb[ndimb/2:,0:noccb]

where the O+ is the orbital spinor-overlap matrix

O+ = C†+SC+. (2.24)

In the following codeC+,O+,O
−1/2
+ are referred as cmat join, O and LoewdinMat

respectively, and S is the Gram (overlap) matrix defined over the full G-spinors basis
set of the adduct. In the PyBERTHA framework all the necessary matrices we listed
above can be obtained quite easily as reported in Algorithm 4.

Lastly, the chemical-valence operator is obtained as:

V = S∆DS (2.25)

∆D being DAB − D0 and referred as dd in the code, that is V = numpy.
matmul(S,numpy.matmul(dd,S)). Finally, the NOCVs are the solutions of the
generalized eigenvalue problem,

V zk = vkSzk (2.26)

which translates to a simple call to the eigh() NumPy routine: eigenval, zmat

= numpy.linalg.eigh(V,S, eigvals only=False). It is worth noting that the c
(T )
A ,

c
(T )
B , c

(T )
AB and S matrices are made available as NumPy arrays and can be manipulated

to obtain more complicated quantities in few lines of code.
NOCV/CD analysis can be useful to easily spot the spin-orbit coupling effect in a

chemical bond36–39. It is worth recalling that the CD function is defined as a partial
integration along a suitable z axis of the difference ∆ρ′(x, y, z′) between the electron
density of the adduct (AB) and that of its non-interacting fragments (that is A and
B) placed at the same position they occupy in the adduct:

∆q(z) =

∫ z

−∞
dz′
∫ ∞
−∞

∫ ∞
−∞

∆ρ′(x, y, z′)dxdy (2.27)

In the previous equation the integration axis is obviously chosen following some
suitable criteria, for instance the bond axis between the fragments. Finally, thanks to
the NOCV decomposition the electron density difference can be further partitioned
in terms of contributions arising from the molecular spinors most involved in the
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Algorithm 4 Python code to compute the NOCV.

import numpy
from scipy.linalg import eig

O = numpy.matmul( \
numpy.conjugate(cmat join.T), \
numpy.matmul(S,cmat join))

print(”Compute inverse of O : O-̂1”)
oinv = numpy.linalg.inv(O)
#compute left eigenvectors of O-̂1
try:
w,z = eig(oinv,left=True,right=False)

except LinAlgError:
print ”Error in scipy.linalg.eig of O-̂1”

#compute the inverse of z
zinv = numpy.linalg.inv(z)
...
da = numpy.diagflat(numpy.sqrt(w))

LoewdinMat = \
numpy.matmul(z,numpy.matmul(da,zinv))

c0 = numpy.matmul(cmat join,LoewdinMat)
#density of the reference (A+B)
dmat0 = numpy.matmul(c0,numpy.conjugate(c0.T))
#density of adduct AB
dmat = numpy.matmul( \
cmatab,numpy.conjugate(cmatab.T))

#compute density difference
dd = dmat - dmat0
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bonding36. The density rearrangement is brought into diagonal contributions in terms
of the NOCVs by means of

∆ρ′ =
∑
k

vk(|ϕk|2 − |ϕ−k|2) =
∑
k

∆ρ′k. (2.28)

This relation guides us in the interpretation of the NOCVs and their associated
eigenvalues: on formation of the adduct from the promolecule, a fraction, vk, of
electrons is transferred from ϕ−k to the orbital ϕk. In the equation above the sum
over k ranges from 1 to the number of occupied spinors as consequence of the definition
of chemical valence operator V̂ (see Ref. 36 for details).

Moreover it is important to notice that only a small subset of these NOCV pairs
actually contributes to the overall rearrangement ∆ρ′ because a large part of them
presents values of vk close to zero.

For the sake of completeness, we report in the following an illustrative application
of the NOCV/CD method36 to the Au20-Og complex. As we already stated, in recent
decades a lot of experiments were carried out to compare the chemical behaviour of
SHEs with that of their lighter homologues of the 6th period11–15, for example by
gas-phase thermochromatography studies of volatility through adsorption on gold
surfaces79.

The Au20-Og complex molecular geometry we used has been reported in a previous
work14. In this case the Au20 structures were preliminarily optimized using the scalar
zero-order regular approximation (ZORA)80 and the BLYP functional with a small
frozen core and a QZ4P basis set using the ADF code81. We then re-optimized the
sole Au20 − Og distance using BERTHA keeping the gold cluster structure fixed.
Finally, all the calculation needed to produce the final NOCV/CD results have been
performed using PyBERTHA (all the computational details are contained within the
SI of Ref. 82).

To produce the results reported here we performed calculations including up to
1698 electrons and a DKS matrix size larger then 10 GiB. The workload and memory
have been distributed among 64 processes/cores, following the approach described in
the previous sections.

In Table 2.2, the amount of charge transfer, CTk , along with the corresponding
vk are reported (see Eq. 2.28). Evidently, to define the CT value in this context we
need to take the CD value at some specific point z between the two fragments, defined
on a plane separating them. The usual choice, adopted also in the present case, is
the z point where equal-valued isodensity surfaces of the isolated fragments become
tangent. Once the isodensity z point has been computed clearly we can calculate the
CTk value associated to each ∆ρ′k (i.e. to each NOCV pair).

Finally in Figure 2.5 all the CD functions associated with the first six ∆ρ′k com-
ponents are reported, together with the total ∆ρ′ CD curve. It is worth recalling that
when a CD function features positive values along z this indicates electron charge
that, upon formation of the bond, is transferred from right to left. On the opposite,
quite easily, negative values of the CD function identify charge flow in the opposite
direction. A positive slope of ∆q(z) corresponds to charge-density accumulation at
that point, whereas negative slope identifies charge-density depletion.
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Figure 2.5: (Upper panel) CD analysis for the Au20−Og bond. The dots on the axis
mark the z coordinate of the atoms. The vertical line marks the boundary between
the Og and the Au20 fragment. ∆ρ′ CD curve as well as the ∆ρ′k CD curves for the six
most significant NOCV-pairs are reported. (Lower panel) The Au20 − Og molecular
system.

The fundamental feature of the CD curve associated to the overall electron den-
sity rearrangement ∆ρ′ reported in Figure 2.5, is that ∆q(z) is appreciably positive
everywhere in the cluster region. This indicates that there is a shift of charge from the
Og atom towards the gold cluster, which may be expected considering the electron
withdrawing ability of gold enhanced by a significant relativistic stabilization of its
6s-orbital83. Perhaps more interesting is the observation that the shift of charge does
not stop at the nearest Au layer but extends appreciably down to the farthest layer.
Moreover, in the ∆ρ′ CD curve there are two peaks. The first peak corresponds to
the zone between the first and second Au layers, and the other corresponds to the
gold-Og binding region.

Finally looking at Figure 2.5, it is evident that we are able to split the total CD
curve into several chemically meaningful additive components. In the figure we report
only the first six NOCVs, which are quantitatively the most relevant, as reported in
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vk CTk/e
∆ρ′ – 0.1780
∆ρ′1 0.216 0.1994
∆ρ′2 0.060 -0.0192
∆ρ′3 0.057 0.0138
∆ρ′4 0.033 -0.0058
∆ρ′5 0.027 -0.0060
∆ρ′6 0.020 -0.0030
∆ρ′7 0.011 -0.0006
∆ρ′8 0.009 0.0004
∆ρ′9 0.008 -0.0004

Table 2.2: Values of vk and CTk corresponding to ∆ρ′k for Au20 − Og. The total
charge transfers (CT) for ∆ρ′ are also reported.

Table 2.2. It is clear that the net total overall shift of charge from the Og atom towards
the gold cluster, is actually constructed from several different contributions. This is
clearly shown also by the most significant NOCV-pairs density reported in Figure 2.6.
In the figure the ∆ρ′ and the most significant NOCV-pairs density decomposition
(∆ρ′k, with k = 1, 2, 3) are shown as isosurface plots together with the distinct NOCV
densities (|ϕ+k|2, |ϕ−k|2 with k = 1, 2, 3).

The CD curve associated to ∆ρ′1, is indeed representing a shift of charge from
the Og atom toward the gold cluster. In fact the surface associated to the ϕ−1

NOCV is mostly located on the Og atom, while the paired NOCV ϕ+1 extends on the
bonding region towards the metal cluster. As consequence the associated pair density
∆ρ′1 shows red lobes on Og representing charge depletion, while charge accumulation
occurs in the bonding region as a blue lobe. The second most important contribution
represents a charge flow from the metal cluster to the bonding region. In fact both
the NOCV surfaces (ϕ−2,ϕ+2) extend from the apical gold atom of the cluster to the
Og atom showing different patterns: the former shows a many-lobe structure on the
gold atom and a node between the fragments, while the latter is mostly located in
the bonding region. The corresponding pair density ∆ρ′2 shows red lobes extending
on the apical gold atom (resembling a d-orbital), while charge accumulates in the
bonding region, depicted as blue cylindrical surface. All the other curves are instead
displaying an opposite charge flow, from the Au20 cluster toward the Og atom.

The reported results give a view of the power the NOCV/CD analysis, that it is
able to give useful insights on the nature of a chemical bond in a simple and easily
visual way, and these results would not have been possible without the computational
framework described in the previous sections.
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Figure 2.6: On top ∆ρ′ and the ∆ρ′k components on the right side are depicted as
isodensity surfaces (±0.0014 a.u) for Au20 − Og , where red surfaces identify charge
depletion areas, and blue surfaces identify charge accumulation areas. NOCV-pairs{
|ϕ−k|2, |ϕ+k|2

}
are also shown (depicted in gray) by means of isodensity surfaces

(±0.003 a.u).
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2.5 Conclusion

We have reported all of the fundamental steps that have been accomplished to reach
our goal, which is a modern implementation of the all-electron four-component Dirac-
Kohn-Sham formalism. The 4c formalism is particularly appealing in applications to
heavy-element chemistry because of its great physical clarity. We have established
that the computational burden of a DKS calculation may be greatly reduced by
implementing various parallelization and memory distribution schemes, based both
on message passing (MPI) as well as shared memory (OpenMP) paradigms.

With the current implementation of the BERTHA software, the OpenMP version
is an excellent choice in cases in which we are bounded by the number of available
computing nodes, if, on the other hand, we are dealing with large molecular systems
the MPI/ScaLAPACK version of BERTHA it is the better choice, since it is virtually
unlimited in terms of the computing resources it is able to exploit (cores, CPUs,
computing nodes).

Moreover, the introduction of the Python binding, in addition to guaranteeing a
considerable advantage in term of usability of the code, exhibits a negligible degra-
dation in the performance. We believe this offers a fundamental advance toward the
wider diffusion of 4c calculations, as Python is emerging nowadays as the most popular
among all High-level programming languages. Historically, the scientific community
devoted to the four-components formalism has always been quite confined. The study
case presented here of the NOCV/CD analysis scheme demonstrates that new soft-
ware tools based on the BERTHA code may be implemented quickly within the new
software structures that we have developed.

The wide diffusion of the Python programming language, and the enormous reduc-
tion of the computational burden we have achieved suggest that the use of all-electron
4c calculations should now be accessible to a larger scientific population. The present
studies demonstrate that it is now relatively simple and fast enough to implement
and test new approaches based on the basic building blocks provided by PyBERTHA.
Given the abstraction layer it is straightforward to extend the API as needed. In a
future version of the software we plan to add all the fundamental functions to specify
the input geometry and basis set in a more user-friendly (i.e. pythonic) way.
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[1] Pyykkö, P. In Relativistic Quantum Chemistry ; Löwdin, P.-O., Ed.; Advances in
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Chapter 3

Real-Time Dirac-Kohn-Sham
*

In this Chapter we present a real-time time-dependent four-component Dirac-Kohn-
Sham (RT-TDDKS) implementation based on the BERTHA code. This new imple-
mentation takes advantage of modern software engineering, including the prototyping
techniques. The software design follows a three step approach: i) the prototype imple-
mentation of time-propagation algorithm in non-relativistic real-time TDDFT within
the Psi4NumPy framework, which provides a suitable environment for the creation
of a clear, readable and easy to test reference code in Python, ii) the design of an
original Python application programming interface for the relativistic four-component
code BERTHA (PyBERTHA), which has an efficient computational kernel for rela-
tivistic integrals written in FORTRAN and iii) the porting of the time-propagation
scheme enveloped within the Psi4NumPy framework to PyBERTHA. The propagation
scheme consequently resides in a single readable Python computer code that is easy to
maintain and in which the key quantities, such as the Dirac-Kohn-Sham and dipole
matrices, can be accessed directly from the PyBERTHA module. For linear alge-
bra operations (matrix-matrix multiplications and diagonalization) we use the highly
optimized procedures implemented in the popular NumPy library. The overhead
introduced by the Python interface to BERTHA is almost negligible (less than 1%
evaluated on the SCF procedure) and the inter-operability between different program-
ming languages (FORTRAN, C and Python) does not affect the numerical stability
of the time propagation scheme. Our new RT-TDDKS implementation has been em-
ployed to investigate the stability of the time propagation procedure in combination
with density-fitting algorithm (both for the Coulomb and for the exchange-correlation
matrix construction), which are employed in BERTHA to speed-up the Dirac-Kohn-
Sham matrix evaluation. On the basis of systematic calculations, employing several
density fitting basis sets of increasing accuracy, we showed that quantitative agree-
ment can be achieved in combination with extended fitting basis sets, with an error
in the Coulomb energy below 1 µ-hartree. Convergence of the transition energies

*Originally published in Journal of Chemical Theory and Computation 2020, 16, 4, 2410-2429
De Santis, M.; Storchi, L.; Belpassi, L.; Quiney, H. M.; Tarantelli, F. PyBERTHART: A Relativis-
tic Real-Time Four-Component TDDFT Implementation Using Prototyping Techniques Based on
Python

73



74 REAL-TIME DIRAC-KOHN-SHAM

increasing of quality of the fitting basis sets has been also observed. Our data suggest
that the error in the Coulomb energy may also represent a good estimate of the fitting
basis set quality for real-time electron dynamic simulations. Further, we study the
applicability of the RT-TDDKS method in combination of both weak and extreme
strong field regime. Numerical results of excited-state transitions for the Group 12
atoms are reported and compared with a previous real-time Dirac-Kohn-Sham imple-
mentation (Repisky et. al. J. Chem. Theory Comp. 2015, 11, 980-991.). Finally,
calculations of high harmonic generation in the hydrogen molecule and Au dimer have
been also carried out. We were able to generate high harmonics with relatively well-
defined peaks up to 21th and 13th order in the case of H2 and Au2, respectively. Our
findings show that the four-component structure of the Dirac-Kohn-Sham Hamilto-
nian provides a suitable theoretical framework, with no intrinsic unfavorable features,
to study molecules in the strong-field regime.

3.1 Introduction

A deep understanding of the electron dynamics in atoms and molecules is necessary
in the modeling of their response to an applied external electro-magnetic field. The
outcome of any matter-radiation interaction is mainly dictated by the strength of the
electric field, which can be classified as either weak or strong. When its amplitude
is much smaller or even negligible with respect the electric field exerted by the nu-
clei on electrons, the effect of the field can be regarded as a small perturbation to
the electronic ground state. Examples of weak-field processes are photo-excitations
including linear absorption and linear scattering, light harvesting as in dye sensitized
solar cells1;2, and photo-ionization as in the generation of photo-induced DNA dam-
age due to visible light3. Strong-field processes encompass phenomena such as high
harmonic generation (HHG)4;5, optical rectification6;7, multi-photon ionization8 and
above threshold-ionization9. The recent progress in strong field laser and attosecond
spectroscopy10;11 is impressive and new experiments can provide direct insights into
bond breaking12–14/forming15 and ionization16;17 by directly probing nuclear and
electron dynamics. The need for accurate theoretical models, based on first princi-
ples, which support and help the interpretation of these new complex experiments is
becoming increasingly important.

Time-dependent density functional theory (TDDFT), because of its compromise
between accuracy and efficiency, is probably the most widely used method for com-
puting excited state and response properties of molecules. The most prominent ver-
sion of TDDFT is the linear response approach based on Casida’s equation18. How-
ever, a first-order, linear response approach is clearly insufficient to study atoms and
molecules in intense fields. In order to describe electronic systems in non-perturbative
regime, an explicit time-propagation approach is mandatory, in which one seeks to
solve the equation of motion directly in the time domain.

The use of real-time time-dependent density functional theory (RT-TDDFT) has
rapidly grown within explicit time propagation methods19. In principle the real-time
scheme has many advantageous features, such as the fact that the explicit exchange-
correlation kernel derivatives20 are not required, the absence of divergence problems
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appearing in response theory, and generally more favorable formal scaling (O[N3])
with respect to the system size (N) if compared with the Casida’s approach (which
has a formal scaling of O[N4]). However, a real time approach has the disadvantage
that the simulation depends on a number of parameters. These include, for instance,
the specific algorithm employed to approximate the time evolution operator, the time
step used in the numerical integration of the propagator, the explicit form of the
external field and also the initial conditions which may involve a stationary or non-
stationary electronic state. Furthermore, the observables (spectroscopic properties)
have to be obtained from the Fourier transform of time-dependent signals and the sig-
nal resolution is limited by the total time of propagation. The number of time steps
may drastically increase the prefactor that defines the scaling of a real-time method.
However, several techniques have been adopted from signal analysis literature and
extended to the analysis of time-dependent signals in real-time time-dependent elec-
tronic structure theory. The main obstacle to implementing the RT-TDDFT method
involves the algorithmic design of a numerically stable and computationally efficient
time evolution propagator. This typically requires the evaluation of the effective
Hamiltonian matrix representation (Kohn-Sham matrix) many times at each time
step. The analysis of the performance, properties and convergence criteria of different
families of propagators in the context RT-TDDFT is an active field of research21;22.

In recent years, several non-relativistic implementation have been presented23–25,
following the pioneering work of Theilhaber 26 and Yabana and Bertsch 27. Many
implementations follow the real space grid methodology27–29. Alternative approaches
employ plane waves30, and analytic atom centered Gaussian basis implementations21;31–34

also have gained popularity. A number of applications of the RT-TDDFT approach
have been reported. They encompass studies of linear35 and non-linear optical re-
sponse properties28;36, molecular conductance37, singlet-triplet transitions38, plas-
monic resonances magnetic circular dichroism39, core excitation, photo-induced elec-
tric current, spin-magnetization dynamics40 and Ehrenfest dynamics41;42.

Relativistic corrections have to be included in any reliable theoretical model which
deals with molecular system containing heavy elements. The first realization of such
an extension of TDDFT to the relativistic case (including spin-orbit coupling) is
the four-component formalism that dates back to the linear-response TDDFT (LR-
TDDFT) implementation by Gao and co-workers43. This approach has been extended
to include a non-collinear formulation44;45. Very recently, the method has been ap-
plied to both closed- and open-shell systems46. Many implementations of relativistic
LR-TDDFT came out in the framework of two-component formalism based on ZORA
Hamiltonian47;48 and based on Effective Core Potentials49.

In the realm of explicit time-propagation methods Repisky et al. proposed the
first implementation of four-component relativistic TDDFT based on Dirac-Kohn-
Sham Hamiltonian (RT-TDDKS) to atomic and molecular systems50. The method
was applied to the case-study of X-ray absorption near-edge structure spectra51, and
was further extended to the calculation of nonlinear optical properties by Konecny et
al.52 in the framework of quasirelativistic transformed exact two-component (X2C)
Hamiltonian. Almost simultaneously Goings et al.53 had published the development
of X2C Hamiltonian-based electron dynamics and its application to the evaluation
of UV/vis spectra. Recently, Konecny et al 54 have proposed a resolution-of-identity
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methodology to speed-up the calculation of electron dynamics in relativistic two- and
four-component RT-TDDKS to simulate chiroptical spectra.

The seminal works of Repisky et al. clearly show that the four-component struc-
ture of the Dirac Hamiltonian provides an attractive theoretical framework to develop
real-time methodologies, despite its broad spectral range is of the order of 2mec

2

(about 37538 a.u.), in that it includes participation of single-particle negative-energy
states. Notably, a relativistic description based on the Dirac equation provides a
formalism that is able to unify different experimental conditions under which the
relativistic description of the interaction between molecular electron and external
electromagnetic field is required. This includes the large nuclear Coulomb field in
heavy elements or the relativistic kinetic energy acquired by an electron in a strong
external field55).

In this Chapter we present a new RT-TDDKS in combination with localized G-
spinor basis set as developed in the relativistic molecular code BERTHA55;56. Our
new implementation is based on modern prototyping techniques including the devel-
opment of a new Python57 API to BERTHA. This strategy provides full control of
those parameters which affect the time evolution propagation, including the shape
of the external field, the propagation scheme and the time step, simplifying the de-
velopment of the real-time scheme in BERTHA. We have analyzed the overhead due
to Python binding and whether the inter-operability between different programming
languages (FORTRAN, C and Python) affects the stability of the chosen propagation
scheme. The impact on the accuracy of the transition energy of the introduction of
the density fitting algorithm to speed-up the DKS matrix evaluation has been exam-
ined in detail by means of an extensive convergence study with respect several density
fitting basis sets of increasing size. Furthermore, the numerical stability and accuracy
of our PyBERTHART have been tested both in the linear and non-linear regimes in
the context of HHG.

In Section 3.2 we review the fundamentals of real time time dependent density
functional theory (RT-TDDFT) at both the non-relativistic Kohn-Sham (RT-TDKS)
and relativistic four-component Dirac-Kohn-Sham (RT-TDDKS) levels of theory. In
Section 3.3 computational details are given for the reference implementation of RT-
TDKS method by means of a rapid prototyping in Psi4NumPy and we also describe
the Python API in BERTHA (i.e. PyBERTHA) and the advantages it offers.

In Section 3.4 we report a detailed analysis of the impact of the density fitting basis
set accuracy on excited-state electronic transitions of the water molecule. We also
report the results for the absorption spectra of group 12 atoms with a comparative
analysis with the data reported earlier by Repisky et al., and finally we apply the new
RT-TDDKS implementation to HHG in the case of the hydrogen molecule and the
gold dimer. Concluding remarks and perspectives are finally discussed in Section 3.5.

3.2 Theory

In this section we briefly summarize the basic theory beyond the non-relativistic RT-
TDKS and its extension to the relativistic RT-TDDKS. We mention that a previous
implementation of RT-TDDKS developed by Repisky et al.50;54 in the code ReSpect
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and we refer to that work for further details about the theoretical background, while
the theoretical details of our DKS implementation in the BERTHA code can be found
in Ref. 55.

3.2.1 Real-Time Time-Dependent Kohn-Sham (and Dirac-Kohn-
Sham) Method.

The time-dependent equation for self-consistent single-determinant theories, such as
the Kohn-Sham approach to DFT, can be conveniently formulated in terms of density
matrix via the Liouville-von Neumann (LvN) equation.

In an orthonormal basis set the LvN equation reads

i
∂D(t)

∂t
= H(t)D(t)−D(t)H(t) (3.1)

where i is the imaginary unit and D(t) and H(t) are the one-electron density
matrix and time-dependent Kohn-Sham matrix, respectively. If a non-orthonormal
basis is used, the LvN matrix equation involves the basis set overlap matrix (see for
instance Ref. 37).

The Kohn-Sham matrix, H(t), in Eq. 3.1 is defined as

H(t) = T + vnuc + Vxc[ρ(t)] + J [ρ(t)] + vext(t), (3.2)

where T and vnuc are the one-electron non-relativistic kinetic energy and nuclei
attraction terms, respectively. The time dependence of H(t) is due to the explicit
time dependent external potential vext(t) and implicitly via the time dependence of
the density matrix D(t) in the Coulomb (J [ρ(t)]) and exchange-correlation terms
(Vxc[ρ(t)]). This implicit time dependence makes the equation non-linear and repre-
sents the major challenge in implementing the scheme. In this context, we assume
that the coupling between the molecular system and the external field is given, in the
dipole approximation, by

vext(t) = −
∑

i=x,y,z

Pi · Ei(t), (3.3)

where Pi is the matrix representation of the i-th component of electric dipole moment
operator, while Ei(t) is the temporal shape of the external field.

The propagation in time of the density matrix can be expressed as

D(t) = U(t, t0)D(t0)U(t, t0)† (3.4)

where U(t, t0) is the matrix representation of the time-evolution operator.
If we start with the electronic ground state density matrix and use as orthonormal

basis the ground state molecular orbitals, D(t0) assumes the form

D(t0) =

(
1oo 0ov
0vo 0vv

)
,

where 1oo is the identity matrix over the occupied orbital space of size nocc (total
number of electrons). The unitarity of the operator U ensures that the time-evolved
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density matrix remains idempotent (in an orthonormal basisDD = D), provided that
it was initially idempotent (which is the case for a single determinant wavefunction),
so that at any time the trace of D(t) is equal to nocc.

In the most general form, the time-evolution operator can be expressed by means
of the Dyson series:

U(t, t0) =

∞∑
n=0

(−i)n
n!

∫ t

t0

dτ1

∫ t

t0

dτ2 . . .

∫ t

t0

dτnT̂ [H(τ1)H(τ2) . . .H(τn)] (3.5)

In a compact notation, using the time-ordering operator T̂ , it may be written as

U(t, t0) = T̂ exp
(
− i
∫ t

t0

H(t′)dt′
)
. (3.6)

The time ordering is necessary since H(t) at different times do not necessarily com-
mute ([H(t),H(t′)] 6= 0). Typically, this time-ordering problem is overcome by ex-
ploiting the composition property of time-evolution operator (U(t, t0) = U(t, t1)U(t1, t0))
and discretizing the time using a small time step. It is clear that the exact time or-
dering can be achieved only in the limit of an infinitesimal time step.

As mentioned above, in the real time time-dependent Kohn-Sham theory, the set of
equations to be solved is non-linear (because of the implicit dependence of the Hamil-
tonian from the density matrix). Many different propagation schemes have been
proposed58 in this context. Among others, we mention the Crankson-Nicholson59,
Runge-Kutta60 or Magnus61;62 methods. We refer the interested reader to the works
of Castro et al.22 and Zhu and Herbert21 as examples of the recent effort in analysis
of the performance, properties and convergence criteria of different families of propa-
gators, both within numerical grid implementations and localized Gaussian basis set
expansions.

The Magnus expansion has found a widest application, in particular, in those
implementations which employ localized basis sets, for which matrix exponentiation
can be performed directly using matrix diagonalization. The Magnus expansion of
the time evolution operator is

U(t, t0) = exp[A1(t, t0) +A2(t, t0) + . . . ], (3.7)

where the first term is defined by

A1 ≡ i
∫ t

t0

dτH(τ) (3.8)

and the second term by

A2 ≡ i
∫ t

t0

dτ1

∫ τ1

t0

dτ2[H(τ1),H(τ2)]. (3.9)

The definition of the nth-order terms may be found in Ref. 58. The application of
propagators using higher order terms is of continuing interest and has recently been
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explored (see for instance Refs. 22;63). It is customary, however, to truncate the
expansion in Eq. 3.7 to the first order and to evaluate the integral over time using
numerical quadrature, provided that the time interval ∆t is sufficiently short. Using
the midpoint rule the propagator becomes

U(t+ ∆t, t) ≈ exp
[
− iH

(
t+

∆t

2

)
∆t
]
. (3.10)

This approach, also referred as second-order midpoint Magnus propagator, is unitary
by construction, provided thatH is hermitian and that the matrix exponential is eval-
uated directly by diagonalization. This scheme exhibits an error which is proportional
to (∆t)3. The expression in Eq. 3.10 coincides with the so-called modified-midpoint
unitary transform time-propagation scheme introduced by Schlegel et al.24.

The H matrix at time t + ∆t/2, where no density is available, can be obtained
using an iterative series of extrapolations and interpolations at each time. Note
that, if this predictor/corrector procedure is converged in a self-consistent manner
the second-order midpoint Magnus propagator preserves the time reversal symmetry,
which is an exact property of the equation of motion in absence of magnetic field. The
predictor/corrector scheme is a key ingredient in preserving the numerical stability
of the propagation with a range of algorithms that can be applied in this context21.
The approach we have implemented follows that proposed by Repiskyet al.50 and will
be described in the following section.

This non-relativistic propagation scheme based on Kohn-Sham theory can easily be
generalized to include the relativistic formulation based on full four-component DKS
equations. The implicit assumptions used in the context of DKS theory implemented
here are to be discussed at the end of this section. The only modifications we need
to introduce are i) the definition of the effective Hamiltonian in Eq. 3.1, which now
is the matrix representation of the Dirac-Kohn-Sham operator (HDKS) and ii) the
definition of a relativistic density matrix and its initial condition (Eq. 3.5).

At each time, t, the HDKS matrix is Hermitian and according to the DKS for-
malism55 it reads in G-spinor basis set56 as:

HAT
DKS =

[
V (LL) +mc2S(LL) cΠ(LS)

cΠ(SL) V (SS) −mc2S(SS)

]
(3.11)

TheHAT
DKS matrix is defined in terms of V (TT ), S(TT ), andΠ(TT ′) matrices being re-

spectively the G-spinor basis representation of the local potential, the overlap matrix,
and the matrix of the kinetic operator (the label TT = LL, SS and TT ′ = LS, SL,
with L and S refer to the ”Large” and ”Small” component of the G-spinor basis,
respectively). The local potential V (TT ) is the sum of four terms:

V (LL) = v(TT ) + J (TT ) + V (TT )
xc + vext(t) (3.12)

the nuclear (v(TT )), Coulomb (J (TT )), and exchange-correlation potential (V
(TT )
xc )

and external time dependent potential (vext(t)).
In our implementation, the small component of the G-spinor basis set is de-

fined by the restricted kinetic balance condition. This has the consequence that
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the LL,SS,LS,SL sub-blocks each have dimension (M×M), where M is equal to N/2,
N being the size of the basis set.

In order to be used in the LvN equation (Eq. 3.1) HAT
DKS needs to be expressed

in a suitable orthonormal basis set. A suitable and, perhaps, natural choice of ba-
sis is the set of ground-state molecular spinors. At each time t the DKS Hamilto-
nian is conveniently evaluated in atomic G-spinor representation (HAT

DKS) and then
transformed to the molecular spinor basis (HDKS) in order to be employed in the
LvN equation. The two representations are related by the unitary transformation
H(t)DKS = C†H(t)ATDKSC, where C is the matrix of the ground-state molecular
spinors expressed on the atomic G-spinor basis set.

The second modification we need to introduce in our formulation is the definition
of the density matrix at the initial time. In the orthonormal basis of ground state
molecular 4-component spinors solution of DKS equations it assumes the form:

DMS
0 =

 0M 0M

0M
1oo 0ov
0vo 0vv

 , (3.13)

where the four constituent sub-blocks have dimension (M ×M). The squared (M×
M) null matrices are denoted here by 0M . The on-diagonal upper left sub-block
accounts for the positronic-only part of density matrix, whereas the off diagonal sub-
blocks represent positronic-electronic matrix elements. The bottom right block is the
usual ground-state electronic density matrix. A simple relation exists (DAT (t) =
CD(t)C†) between the density matrix in G-spinors (DAT (t)) and in ground-state
molecular spinors (D(t)).

The key quantity in a real time simulation, both in non-relativistic RT-TDKS or
full 4-component relativistic framework of RT-TDDKS, is the time-dependent electric
dipole moment ~µ(t). Each cartesian component p (with p = x, y, z) is given by

µp(t) =

∫
ρ(t, r)p dr = Tr(D(t)Pp), (3.14)

where Pp is the matrix representation of the p-th component of the electric dipole
moment operator (see also Eq. 3.3). The vector ~µ(t) defines the polarization response
to all orders and is easily computed by the electronic density at any time, t. From
this quantity one can easily compute both linear and non-linear properties.

In the linear response regime, each component of electric dipole moment, µp(ω),
with an external field Eq in the direction q (with q = x, y, z), is given in frequency
space by

µp(ω) =
∑
q

αpq(ω)Eq(ω). (3.15)

The components depend on the polarizability tensor (αpq) through the Fourier-trans-
formation of the q-component of the applied field. The dipole strength function S(ω)
is related to the imaginary part of the frequency dependent linear polarizability by

S(ω) =
2ω

3π
Im Tr[α(ω)] (3.16)
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In our implementation the perturbation can be chosen to be either an impulsive kick
or a continuous wave whose amplitude is modulated by an analytic envelope function.
Different explicit functional forms are available at the Repository site64. In the case
of an impulsive perturbation (E(t) = kδ(t)n, where n is a unit vector representing the
orientation of the field) we adopt the δ-analytic representation as proposed in Ref. 50.
One of the best-known examples of non-linear optical phenomena is HHG in atoms
and molecules. HHG occurs via photo-emission by the molecular system in a strong
field. It can be conveniently computed from ~µ(t)65. In this work we calculate the
HHG power spectrum for a particular polarization direction as the Fourier transform
of the laser-driven induced dipole moment,

P (ω) ∝
∣∣∣∣∣
∫ t2

t1

µz(t) exp(−iωt)dt
∣∣∣∣∣
2

. (3.17)

Other suitable approaches have been investigated in the literature65, but in all cases
the key quantity is ~µ(t).

Our RT-TDDKS implementation based on the four-component relativistic formal-
ism in the framework of Dirac-Kohn-Sham theory, allows the variational incorporation
of both scalar and spin-orbit interactions. A number of approximations have, how-
ever, been implicitly introduced when we use the HDKS Hamiltonian in the form
defined by Eq. 3.11. Before concluding this theoretical section, these approximations
are identified and discussed.

The most important approximation arises through the use of exchange-correlation
functionals that depend only on the density, rather than on the relativistic four-
current; this is reflected in V TT

xc [ρ]. We mention that the research activity on current
dependent functionals in a relativistic context is still at an early stage. Pragmatically,
non-relativistic density functionals are used that were not explicitly designed for use
in relativistic calculations. A second approximation, also implicit in the exchange-
correlation potential of the form V TT

xc [ρ(t, r)], is what is known as “adiabatic ap-
proximation”, which consists of the assumption that the density dependence of the
exchange-correlation potential depends only on the density at time t.

In the present implementation, we use the so-called “density-only” approximation,
in which the exchange-correlation term depends only on the charge density and not
on other variables such as spin density or magnetization66, which may also be used to
reparametrize the exchange-correlation potential. It is known that a such restriction
will limit the accuracy we may achieve in the description of those electronic transitions
involving, for instance, spin-flip mechanisms.

3.3 Implementation and Computational Details

There has been an extraordinary recent growth in the use of the Python programming
language within the scientific community. Certainly, Python, is regarded as possessing
advantages in terms of code readability and reusability67. Due to its favorable features
and the availability of mathematical libraries it is a good candidate to become the
preferred language in writing reference quantum chemistry and benchmarking codes.
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A number of research groups are active in the field, we mention as example the
PyQuante68 and the more recent PySCF69 projects. Recently, an interactive quan-
tum chemistry programming environment, Psi4NumPy70, has been presented that
aims to facilitate the rapid development of clear Python computer reference code for
quantum chemistry. It uses an efficient computational kernel written in C++ from the
open-source Psi471 program through the popular NumPy library for linear algebra in
Python. In this section we describe the strategy that has been adopted in developing
a new RT-TDDKS implementation based on the efficient integral evaluation kernel
of the BERTHA code. A key component in achieving our goal was the implemen-
tation of a new reference non-relativistic real-time TDKS implementations using the
Psi4NumPy70 framework. Using a such new reference implementation -and in com-
bination with a newly implemented Python API of BERTHA (PyBERTHA)- a stable
implementation of the RT-TDDKS in the four-components relativistic framework was
achieved in a surprisingly rapid and straightforward manner.

3.3.1 Prototyping in Psi4NumPy

The Psi471 developers presented Psi4NumPy70 as a framework for the creation of
clear, readable reference implementations of quantum chemical methods and the rapid
development of new methods. It heavily relies on the Psi4 API, that makes the com-
putational kernel written in C++ available at the Python layer. A key component
of Psi4NumPy is the direct access to all the quantities needed to develop SCF-level
theory; the Hcore and J and K matrices (the kinetic and electron-nuclei attraction
potential, Coulomb term and exchange-correlation matrix, respectively). Within this
structure, we devised a Python function (get fock(D)) which, for a given density
matrix (D), returns the associated Kohn-Sham matrix (H). We explicitly report
this function for the interested reader in SI of Ref. 72. The only other ingredient
necessary to define the Kohn-Sham Hamiltonian is the dipole moment matrix repre-
sentation, which is the term that couples the density to the external time-dependent
electron field. This matrix can be easily evaluated with the method ao dipole() of
the MintsHelper class. This gives direct access, from the Python side, to the integrals
evaluated in the libmint library, which is the primary interface for computing one-
and two-electron integrals in Psi471.

As mentioned in the previous section, the key ingredient to develop an efficient
real-time TDKS scheme is the implementation of a stable propagation scheme to
solve the LvN equation. From the many available alternatives we chose to implement
the second-order midpoint Magnus propagator, summarized in the previous section
(Eq. 3.10), in combination with a self-consistent predictor/corrector scheme which
closely follows the strategy proposed by Repisky et al.50. In the current implemen-
tation, the matrix exponentials, required to evaluate the time-evolution scheme (see
Eq. 3.10), are evaluated directly using explicit matrix diagonalization.

The necessity to have a suitable predictor/corrector scheme is evident from Eq. 3.10,
according to which the propagator U(t + ∆t, t), used to propagate the density ma-
trix from the time t to the time t + ∆t, depends on the Kohn-Sham matrix at time
t + ∆t/2, where no density is available. This matrix is obtained using an iterative
series of extrapolations and interpolations at each time. The scheme we have imple-
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mented is shown in the Algorithm 5; in the first step (line 5) the temporal midpoint
of the Kohn-Sham matrix is obtained by extrapolating the data from the previous
time step using

H
(
t+

∆t

2

)
= 2H(t)−H

(
t− ∆t

2

)
. (3.18)

The corresponding time-evolution operator (U(t+∆t, t)) is calculated using Eq. 3.10.
The density D(t + ∆t) is then calculated as U(t + ∆t, t)D(t)U †(t + ∆t, t) and the
corresponding matrix H(t + ∆t) can readily be calculated (line 10). The iteration
cycle terminates with the calculation of the midpoint H matrix,

H
(
t+

∆t

2

)
=

1

2
H(t) +

1

2
H
(
t+ ∆t

)
. (3.19)

The cycle repeats until convergence is reached. According to Repisky et al., the
convergence criterion chosen is that the Frobenius norm of the difference between two
successive iterations must be lower than a given threshold (line 14 of Algorithm 5).

Algorithm 5 Predictor-corrector ME algorithm

1: Inputs : D(ti),H(ti−1/2)
2: set : H−1/2 ← H0

3: for i = 0 to Niter do
4: H(ti)← D(ti)
5: H(ti+1/2)← 2H(ti)−H(ti−1/2)
6: counter = 1
7: loop
8: Ui = U(ti+1/2, ti)← H(ti+1/2)

9: D(ti+1)← UiD(ti)U
†
i

10: H(ti+1)← D(ti+1)
11: H(ti+1/2)← 0.5H(ti) + 0.5H(ti+1)
12: if counter > 1 then
13: δD(ti+1)← D(ti+1)−Dtest

14: if ||δD(ti+1)||H < eps then
15: exit the loop
16: end if
17: end if
18: Dtest = D(ti+1)
19: counter+ = 1
20: end loop
21: end for
22: Output : D(ti+1),H(ti+1/2)

The time-propagated density and Kohn-Sham matrices (D(ti+1),H(ti+1/2) are
obtained at the end of the loop.

The elements of all matrices referenced in Algorithm 5 are defined in an orthonor-
mal spinor basis. As already mentioned, in our specific implementation, we use the
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ground state Kohn-Sham orbitals in the absence of external field. The above proce-
dure involves linear algebra operations (matrix-matrix multiplications) and diagonal-
izations in order to evaluate the exact exponential matrix (line 8), and the evaluation
of the Kohn-Sham matrix H(D) from a density matrix D (line 4 and 10). While
the linear algebra has been carried out in Python using the NumPy library, for the
evaluation of H from D use the tools available in Psi4NumPy as mentioned above.

Rabi oscillations in H+
2

We have introduced the real-time formalism in the early stage of this Section, describ-
ing the main features of the methodology. Here we apply the real-time propagation
scheme to the case of H+

2 . Aside from being the simplest molecule for which the time-
independent Schrödinger equation admits an analytical solution, the single electron
H+

2 model is particularly probing of the stability of real-time methodology imple-
mentation. The coherent oscillation induced in H+

2 model system, namely the Rabi
oscillation are customary reported in literature as an early example of the stability of
the time propagation.24;73

It is worth recalling that our implementation of non-relativistic RT uses a basis
set of atomic centered (AO) Gaussian-type functions for the calculation of the Hamil-
tonian matrix, while the ground-state molecular orbitals are conveniently used as the
reference orthonormal basis in the time-propagation step. The use of the molecular
unperturbed orbitals turns out to be a convenient choice since the diagonal elements
of D(t) are the time-dependent occupation numbers

nk(t) = Dkk(t) (3.20)

For the H+
2 case study the time-dependent Hamiltonian matrix is defined as:

FATα (t) = h+ vext(t) (3.21)

Here h is the core Hamiltonian matrix and vext(t) is the time-varying potential which
is used to induce Rabi oscillations:

vext(t) = −E(t)0 sin(ωt)uz · P (3.22)

Dealing with a single electron model, the initial unrestricted density Dα expressed in
the ground state molecular orbitals σ and σ∗ is given by

D(t0) =

(
1 0
0 0

)
As we have anticipated we test our real-time implementation against the coherent

oscillation in H+
2 . The minimal basis set STO-3G was employed to determine the

unperturbed ground state orbitals of H+
2 at the minimum energy geometry (Re =

1.0603Å). We have extensively stressed in the first Chapter that near the resonance
such two-level system exhibits a characteristic sinusoidal flow of complete population
inversion (Rabi oscillation). The field has been tuned to the resonance frequency
ω = 0.4766 a.u determined by previous calculation. The applied field shown in the
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Figure 3.1: Upper Panel: H+
2 time-dependent dipole moment induced by the sinu-

soidal electric field (lower panel) applied along the nuclear axis (z-direction). Middle
panel: Occupation number corresponding to σ and σ∗ orbitals. Lower panel: Si-
nusoidal electric field, f(t) = E0sin(ω0t) being E0 = 0.05 a.u the maximum field
amplitude and ω0 = 0.4766 a.u the frequency.
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lower panel of Figure 3.1 has constant envelope and amplitude E0 of 0.05 a.u as in the
work24 of Li et al. The induced dipole is shown in the upper panel of Figure 3.1. As
one would expect with two-level Rabi oscillation the dipole moment has the proper
(local) minimum amplitude at both maximum and minimum populations of σ and
σ∗. The occupation numbers, i.e the population of the σ and σ∗ orbitals are reported
in the middle panel of Figure 3.1. It is easy to see that both populations oscillate at
the estimated frequency of 0.05641 a.u in agreement with similar calculations.24

3.3.2 PyBERTHA: a Python interface to BERTHA

In this section we illustrate the basic characteristics of our BERTHA Python API64,
named PyBERTHA, which is the key tool that ports the real-time propagation scheme,
described above, from Psi4NumPy to BERTHA directly.

Recently, the BERTHA code has been reworked along a path towards a more
modular structure. Starting from the BERTHA stand-alone program code we have
deployed a BERTHA library (libbertha), in which we have developed a set of reusable
software components based on the original four-component relativistic stand-alone
program. This is the fundamental step toward the Python API we will describe here.

Starting from the libbertha and a main FORTRAN module we wrote a C interface
(a C wrapper) to improve the FORTRAN-Python inter-language communication and,
finally, a Python class. All computationally intensive activity (which is the evaluation
of the HDKS(D) matrix given a density matrix D) remain written in FORTRAN
mainly for historical and efficiency reasons, but all the high-level functions helping
to drive the program are written in Python. The built-in Python module ctype has
been used to provide the fundamental practical interaction between the Python and
FORTRAN code, using the C wrapper. The ctype module is used to interact with
the libbertha shared library. It provides all the C compatible data types and it allows
calls to all the needed C/FORTRAN functions (see Figure 2.1 reported in Chapter
2).

The fundamental FORTRAN data and functions have been made accessible to the
Python layer, which allows the direct porting of the self-consistent predictor/corrector
scheme that has been implemented in the Psi4NumPy framework. BERTHA is now
a regular Python module, so that it can be easily loaded into a regular Python script,
like any other module. The entire computation is driven by the pybertha Python
class that has all the basic methods needed to access, from the Python layer, the
FORTRAN data and functions.

The pybertha class has several methods to be used to set some basic behavior of
the main SCF computation. A concise description of all methods of pybertha class
can be found in the Supporting Information (SI) of Ref. 72. As an example, the
user has the freedom to decide whether or not to write some optional files such has
the overlap matrix file, or the final density matrix needed to eventually perform a
restart run. The user can set different levels of verbosity or set the filename to be
used or decide the threshold to be used in the SCF convergence check. Aside from the
cited set of procedures the main computational task can be performed using mainly
three methods: init, run and finalize. Obviously, while init and finalize are needed
to initialize and finalize the BERTHA environment (to allocate and release all the
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needed memory), run is the method that performs the SCF computation. Finally
there are several methods required to access all the basic data and results related
to the computation, such as the final total energy, the number of occupied orbitals,
nuclear repulsion energy and so on.

Using this interface, a four-component relativistic DFT program can be rapidly
implemented as reported in the Algorithm 6. In the reported code to instantiate the
pybertha class the path to the FORTRAN/C Shared Object is needed. Once the
bertha object has been declared some of the methods are used to specify the input
parameters: the BERTHA input file, and density fitting basis set file. In the present
version of pybertha the geometry and basis sets are specified using an ASCII file. Once
the inputs have been specified the init method is called and soon after the main run,
that is the proper SCF, may start.

The run method returns three two-dimensional NumPy76 arrays: the overlap
matrix, all the computed eigenvectors, the DKS matrix and a one-dimensional array
containing all the eigenvalues, which are the single-particle spinor energies. When the
SCF is converged, some extra information can be retrieved, such as the total energy.
This strategy greatly facilitates the implemention of new schemes for analysis of the
chemical bond based on the fully relativistic framework. As an example, we have
recently implemented77 the generalization of the Natural-Orbital for the Chemical
Valence theory78 in BERTHA.

Algorithm 6 A simple four-component relativistic DFT program implemented using
the berthamod Python module

1: import berthamod
2: Inputs: input options ...
3: bertha = berthamod.pybertha(wrapperso)
4: bertha.set verbosity(verbosity)
5: bertha.set fnameinput(inputfilename)
6: bertha.set fittfname(fittfilename)
7: bertha.set thres(thres)
8: bertha.init()
9: ovapmtx, eigenvectors, fockmtx, eigenvalues = bertha.run()

10: etotal = bertha.get etotal()
11: bertha.finalize()
12: Output: Total Energy and MO energies ...

In addition to what we have reported above there is another set of fundamen-
tal methods, that are instead more strictly related to the RT-TDDKS computation.
Specifically, there is a realtime init method needed to initialize some internal memory
buffer to be used by the get realtime fock method. The latter is the main method
needed to obtain the DKS matrix,HDKS starting from a given input density matrixD
(see line 4 and 10 in Algorithm 5). Porting the algorithm reported in the Algorithm 5
and developed in the Psi4NumPy framework to PyBERTHA was achieved with es-
sentially no additional effort. It was sufficient to substitute the method get fock(D)
defined in the module PsiNumpy with the analogous function (get realtime fock) de-
fined in PyBERTHA and to define a consistent density matrix at the propagation
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initial time (see Eq. 3.13). We emphasise that having a reference implementation
is crucial here: it provides full control over all parameters on which the real time
electron density propagation depends: the form of the time dependent external field,
the integration time step and the implementation of the time evolution scheme. Fi-
nally we mention that the actual implementation of PyBERTHART includes a JSON
(JavaScript Object Notation) serializer and deserializer79. The latter is one of the
most popular serialization formats and we used it to handle the restart of any compu-
tation that has been stopped prematurely. At the request of the user the pyberthart
program is able to dump all data that is needed to restart the computation as a
JSON file. The dumping of the data is very useful in this context because typically
simulations are very long and the restarting of a calculation may often be necessary.

3.3.3 Benchmarking of the PyBERTHA interface

Looking at the software layers, as reported in Figure 2.1, the most computation-
ally critical part is the data exchange between the various layers. Specifically we
implemented some utility functions to convert a FORTRAN complex array to the
equivalent NumPy array and vice versa. To accomplish such array transformation
efficiently we vectorized all the operations following the usual NumPy approach. The
impact of this Python binding within the serial version of our BERTHA code was
investigated both for the SCF procedure used in the electronic ground state and for
berthamod.get realtime fock method which is the key step for the real-time propa-
gation scheme. This step evaluates the DKS matrix, (HDKS(D)), given a density
matrix, (D), as input. In Table 3.1 we report the total wall time in seconds for
ten SCF iterations for a range of test molecular systems of increasing size. All the
results reported here have been obtained compiling the code with the Intel(R) FOR-
TRAN compiler (version: 2018.3.222), but similar results, in term of percentage of
the Python binding overhead, have been obtained using the GNU compilers. The
Python binding seems to constitute a negligible overhead, almost always lower than
0.1 %.

Table 3.1: Total execution time for ten SCF iterations for molecular systems of
increasing size. Timing is in seconds (s). The code has been executed on a In-
tel(R) Xeon(R) CPU E3-1220 compiling the code with the Intel(R) compiler version:
2018.3.222

System
Matrix
Dimension

Wall-time
with Python (s)

Wall-time Python overhead

H2O 140 3.9 3.9 0.09 %
Zn 624 20.4 20.4 0.07 %
Cd 916 41.5 41.5 0.09 %
Hg 1240 97.0 96.9 0.07 %
Au2 1560 104.4 104.3 0.09 %
Au4 3152 613.9 613.4 0.07 %
Au8 6304 3965.9 3964.0 0.05 %

In Table 3.2 we report the impact of the Python binding on the berthamod.
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get realtime fock method. The function is called at each timestep in the main loop of
the predictor/corrector scheme as described in Algorithm 5. The overhead related to
the Python binding is here lower than 0.5 % in most of the cases, and reaches 1.5 %
only for the larger molecular systems.

Table 3.2: Impact of the Python binding in the berthamod.get realtime fock method.
Timing is in seconds (s). The code has been executed on a Intel(R) Xeon(R) CPU
E3-1220 compiling the code with the Intel(R) compiler version: 2018.3.222

System
Matrix
Dimension

Wall-time
with Python (s)

Wall-time Python overhead

H2O 140 0.4 0.4 0.19 %
Zn 624 1.3 1.3 0.52 %
Cd 916 2.6 2.6 0.64 %
Hg 1240 6.4 6.4 0.48 %
Au2 1560 6.4 6.3 1.59 %
Au4 3152 38.0 37.5 1.50 %
Au8 6304 244.4 242.0 1.00 %

We may confidently conclude that, in consideration of the unequivocal benefit it
brings in terms of code usability, the Python binding everhead is entirely acceptable.

Clearly we can take advantage of the parallelization techniques introduced in
BERTHA in each simulation time step. Specifically, in the case of medium- and
small-sized systems the OpenMP approach is the preferred one. One can take explicit
advantage of a multi-core architecture also for the linear algebra operations using the
multithreaded version of the NumPy library.

In Table 3.3 we report the elapsed time for the main phases of the calculation, for
a set of molecules of increasing matrix size, as a function of the number of concurrent
threads (cores, in our case) that were employed. We report the elapsed time of a single
pybertha.get realtime fock that is the method used to obtain the DKS matrix
from an input density matrix. In the same table the time needed to perform a single
call to the numpy.matmul (the function which returns the matrix product of two
arrays) and the numpy.linalg.eigh (which returns the eigenvalues and eigenvectors
of a complex Hermitian matrix) are reported as well.

The reported total iteration time is the result of several calls to the cited NumPy
functions and a single call to the pybertha method. The final results in terms of
speed-up are very encouraging; we are able to achieve a total speed-up ranging from
6.2 to 16.2 when going from the smallest molecular system to the biggest one.

Finally, we emphasize that the parallelization approach does not at all affect the
numerical stability of the code.

3.4 Results and Discussion

In the present section we illustrate a set of test calculations on different atomic
and molecular systems, both in weak and strong field regimes. It is demonstrated
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that the inter-operability between different programming languages employed in Py-
BERTHART does not introduce any significant numerical noise in the RT-TDDKS
propagation scheme. The new implementation has also been used to investigate
the numerical stability of the propagation scheme in the relativistic four-component
framework in association with the density-fitting procedure employed to speed-up the
Dirac-Kohn-Sham matrix evaluation. It is shown that the four-component structure
of the Dirac-Kohn-Sham equations leads to a stable propagation, even in those cases
in which it is driven by a strong field that is clearly beyond the linear response regime.

3.4.1 Validation and numerical stability: Psi4NumPy versus
PyBertha

The implementation of a reference non-relativistic RT-TDKS in Psi4NumPy is one
of the key steps in this work. The use of Python as a common language for Psi4 and
the four-component BERTHA program has facilitated the direct transfer of the code
developed within Psi4NumPy directly to PyBERTHA without further modification.
The great advantage of this software implementation strategy is that we have precise
control over all those details and parameters which a real-time simulation depend on.
These include the specific algorithm used to devise the time-evolution operator, the
specific functions to define the external perturbation or explicit functional form of
time dependent electric field, time step in the propagation and the post-processing
phase. This clearly made the debugging phase in the development of PyBERTHART
straightforward. We want to verify that in the case of light molecules, where rel-
ativistic effects are negligible, the results obtained with the RT-TDDKS scheme in
PyBERTHART and the real-time Kohn-Sham scheme implemented in Psi4NumPy
converge.

The electronic ground-state calculated in the absence of an external electric field
was perturbed by an analytic δ-function pulse with a strength of κ = 1.0×10−5 a.u.
along the three directions, x, y, z. The resulting field-free induced dipole moment is
then collected for the first 9.6 fs, corresponding to a short-lasting simulation of 4000
time steps with a temporal length of 0.1 a.u. Both the four-component and reference
simulations were carried out employing the same threshold for the self-consistent
propagation procedure (ε = 1.0×10−6, the condition in line 14 of Algorithm 5). The
induced dipole moment has been damped with an exponential factor (e−λ·t, with
λ = 3 × 10−4) before performing the Fourier transform. The transform has been
carried out by means of a Padé approximant19;81, which was employed because it en-
sures extremely good performance in terms of number of time steps needed to produce
a spectrum with well resolved transitions. The Padé approximant has been imple-
mented by us in Python on the basis of the formula reported in Refs. 19;81. A direct
comparison of the data obtained via Fourier Transform using the standard approach
or the Padé approximant appears in Figure S1 of the SI of Ref. 72. The BLYP func-
tional, which consists of the Becke 1988 (B88) exchange82 plus the Lee-Yang-Parr
(LYP) correlation83, was used. The basis set used for the calculation in Psi4NumPy
is the uncontracted def2-SVP basis set. The same basis set has been used in Py-
BERTHA to define the large component of the G-spinor basis set. The corresponding
small component basis was generated using the restricted kinetic balance relation.84
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Figure 3.2: Absorption cross section, in arbitrary units, for the water molecule
obtained using real time time dependent density functional theory based on
four-component Dirac Hamiltonian (PyBERTHA) and non-relativistic Hamiltonian
(Psi4NumPy), see text for details. In the inset a detailed view of HOMO-LUMO
transition has been reported.

The total absorption spectra of water molecule is reported in Figure 3.2. The
spectra obtained from the RT-TDDKS and from the non-relativistic reference exhibit
excellent agreement (spectra overlap each other). In the inset of the figure we highlight
the lowest energy transition, demonstrating that the discrepancy is less than 0.01 eV.
Both transition energies and probabilities are fully consistent with approaches based
on linear response theories, such as the equations described by Casida. A direct
comparison is given with the results obtained with the TD-DFT as implemented in
NWChem85 (Table S1 and Figure S2 in the SI of Ref. 72).

3.4.2 Density fit for the Coulomb and Exchange-Correlation
matrix: effect on the transition energies.

Beside linear algebra operations, such as matrix-matrix multiplications and diago-
nalization, the most computationally demanding task in the real-time propagation
scheme is the evaluation of the DKS matrix. The speed of the calculation can be
accelerated primarily by adopting computational strategies that make such compu-
tation efficient. Density fitting techniques or algorithms that introduce resolutions
of the identity operator have been employed with success in non-relativistic RT-
TDDFT implementations (see for instance Ref. 33;86). These results demonstrate
that the use of the approximated Hamiltonian in the real-time propagation does not
introduce significant numerical problems and that the time evolution procedure re-
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mains numercially stable. Very recently, Konecny et al.54 have extended the use of
resolution-of-identity approximation for the Coulomb matrix contribution to the full
4-component RT-TDDKS scheme (and relativistic 2-component X2C) to accelerate
the simulation of chiroptical spectra. Interestingly, this approach has been formu-
lated using quaternion algebra. The work of Konecny et al. clearly demonstrates
that density fitting techniques can be very effective in accelerating real-time elec-
tronic dynamics simulations, preserving its the numerical stability within the full
4-component relativistic framework. The BERTHA code relies heavily on an efficient
variational Coulomb fitting procedure in the calculation of both the Coulomb87;88 and
the exchange-correlation matrix89 contributions to the full Hamiltonian. This global
density fitting approach leads to a reduction of the scaling order of the method, with
a very significant reduction in the pre-factor that determines computational cost,
compared to the conventional scheme. The algorithm takes further advantage of a
particular choice of auxiliary functions: the use of primitive Hermite Gaussian Type
Functions (HGTFs), grouped together in sets sharing the same exponent. This re-
duces the expensive operation of evaluating large numbers of Gaussian exponents
at each grid point89. Analogous schemes have been adopted in the non-relativistic
DFT code deMon.90 Here, for clarity, we recall that the current implementation in
BERTHA uses the density fitting procedure only for exchange-correlation functionals
that are dependent on the electronic density, its gradient or Laplacian. This excludes
exact exchange and associated hybrid functionals. An important issue of this “global”
density fitting approach is the accuracy loss in the total energy due to the fact that
the density is fitted solely to the Coulomb energy, but is subsequently used in the
exchange-correlation functional. In practice, however, this is not a significant draw-
back because the Coulomb-fitted density matrix is almost exactly coincident with the
“exact” density. We refer the reader to Ref. 89 for additional details.

It is interesting to investigate the accuracy of the four-component RT-TDDKS
calculation in combination with our global density fitting procedure for both the
Coulomb and for the exchange-correlation matrix construction. Despite all the data
have been obtained in the specific case of water molecule, we mention that detailed
benchmarks to assess the impact of density fitting schemes on the accuracy of the
electronic transitions and on the convergence of the results increasing the size of
the auxiliary fitting basis sets, are very scarce33;54;86 and not systematic. In order
to investigate the effects of fitting, several real-time TDDKS simulations have been
conducted using different density fitting basis sets of increasing size and accuracy,
maintaining the same computational parameters for all the simulations. The external
electric field is represented by an analytic z-polarized δ-function pulse with a strength
of 1.0×10−5 a.u. has been used (the water molecule geometry is reported in the SI
of Ref. 72). The resulting induced dipole moment was collected for the first 9.6 fs
corresponding to a simulation of 4000 time steps, with each time step fixed at 0.1 a.u.
The threshold for the self-consistent propagation procedure was set at 1.0×10−6. The
induced dipole moment was damped by an exponential factor (e−λt, with λ =3×10−4)
before performing the Fourier transform by means of Padé approximant19;81. The
resulting absorption spectra are collected in Figure 3.3 in comparison with the result
obtained using the exact HDKS obtained without density fitting.

We consider five different fitting basis sets. In particular, Aux1 and Aux3 have
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been obtained from the literature, namely Demon Coulomb Fitting91 and Dgauss-
A2-dftjfit92. The accuracy of these basis sets was improved by up-shifting by two
units their angular part, generating the sets Aux2 and Aux4, respectively. The Aux5
basis has been generated by us following the procedure given in Ref. 87 using a two-
step optimization procedure: optimize a basis of standard s -type Hermite Gaussian
functions for the isolated atom and then add functions of higher angular momentum
to bring the error in the molecular Coulomb energy below the required threshold. All
fitting basis sets are explicitly reported in the SI of Ref. 72. In Table 3.4 we report
the absolute error on the Coulomb energy due to density fitting. Calculations have
been carried out using uncontracted Def2-svp (and Def2-tzvp) basis set for the large
component of G-spinor basis, the corresponding small component basis was generated
using the restricted kinetic balance relation.84 Figure 3.3 shows the absorption spectra
profile of water in the range of 0-30 eV (data for Def2-tzvp basis set are reported in
Figure S3 of the SI of Ref. 72). The numerical values for the 3s/4a1←3a1 transition
(HOMO-1 to LUMO) is reported in Table 3.5.
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Figure 3.3: Dipole strength function (Sz(w)) of water molecule at BLYP/Def2-svp
level of theory using global density fitting scheme in combination with different aux-
iliary sets (Aux1, Aux2, Aux3, Aux4, Aux5, see text for definitions). The reference
data obtained employed the exact DKS matrix (evaluated without density fitting) are
labeled as ”nofit”.

As a general remark, we notice that the introduction of the global density fitting
does not introduce any significant numerical instability in the calculations. Indeed,
all simulations, including those carried out using the fitting basis sets presenting
the largest absolute error in the Coulomb energy, ∆EJ (see Table 3.4), have been
conducted for a long propagation time. No divergent behavior was observed in the
induced dipole and the absorption spectra derived from it are absent of artifacts. All
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Table 3.4: Absolute error in the Coulomb energy (∆EJ , in µhartree) due to density
fitting using different auxiliary basis sets (Aux1, Aux2, Aux3, Aux4, Aux5). See text
for the fitting basis sets definition.

∆EJ (µ-hartree)
G-spinor basis Aux1 Aux2 Aux3 Aux4 Aux5
Def2-svp 930 9.3 210 2.7 0.50
Def2-tzvp 880 9.7 190 2.2 0.64

Table 3.5: Four-component real-time DKS results for H2O for the 3s/4a1 ←3a1 transi-
tion employing different auxiliary fitting basis sets (Aux1, Aux2, Aux3, Aux4, Aux5)
and BLYP/Def2-Xvp (X = s,tz) level theory. The reference data obtained employed
the exact DKS matrix (without the density fitting) is labeled as ”nofit”

Excitation energy (e.V)
G-spinor basis Aux1 Aux2 Aux3 Aux4 Aux5 nofit
Def2-svp 9.44 9.34 9.39 9.32 9.29 9.28
Def2-tzvp 9.03 9.20 9.08 9.17 9.17 9.16

transitions in the spectrum are qualitatively reproduced (transition A, B and C, in
the region of 9.2, 17 and 26 eV, respectively), independently of the auxiliary basis
employed. Note that the transitions that occur in the region B and C are far above
the ionization threshold of the water molecule (12.6 eV). Our preliminary results
show that it is necessary to use extended fitting basis set with ∆EJ below 10 µ-
hartree (that is Aux2, Aux4, Aux5) in order to have a quantitative agreement with
the reference data (results obtained without density fitting procedure). In this case
the absolute error for the valence transition (A) is below 0.06 eV (0.01 eV with Aux5),
which is clearly smaller than the effect of the principal basis set (see Table 3.5). It
is interesting to note (see the inset in Figure 3.3 and the data in Table 3.5), that
the transition energies show a convergent trend with respect the quality of the fitting
basis set, measured by ∆EJ . Furthermore, this trend seems to be independent of the
quality of the principal G-spinor basis set. This pattern is somewhat surprising if one
considers that ∆EJ is evaluated for the unperturbed ground state electron density. In
conclusion, while further systematic study will be necessary, our preliminary results
suggest that the absolute error in the Coulomb energy may also provide a reasonable
first estimate of the fitting basis set quality for real-time electron dynamic simulations.

3.4.3 Vertical excitations in the Zn, Cd, Hg atoms

The aim of this section is to test the numerical stability of PyBERTHART for the
electronic excitation energies in system where relativity becomes increasingly impor-
tant. We choose the group 12 atoms (Zn, Cd, Hg), which have a closed-shell ground
state (ns2) and spin-forbidden transitions that are increasingly intense going down
the periodic table from Zn to Hg.

The spin-forbidden transitions can be several orders of magnitude smaller than
the spin-allowed one principal transition. Successful calculations of these processes
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is a stringent test for our RT-TDDKS simulations, especially for the lightest of these
element, Zn. We focus on the first two transitions, which correspond to the first
spin-forbidden transition (1S0→3P1) and the first spin-allowed transition (1S0→1P1).

For these specific transitions, direct comparison may be made with the data ob-
tained by Repisky et al.50 using the Dirac-Coulomb real-time propagation scheme
implemented in the code ReSpect. This direct comparison is useful in identifying any
shortcomings of the use of a “density-only” scheme66 in combination with standard
non-relativistic exchange-correlation functionals, which are currently implemented in
BERTHA. The results have been obtained using the adiabatic approximation and non-
relativistic exchange-correlation functionals of LDA type (SVWN5)93;94 and GGA
type (BLYP)82;83. In the case of Zn we used the uncontracted def2-SVPD basis
set95;96 for the large-component basis set, while in the case of Cd and Hg the un-
contracted all-electron VDZ basis sets of Dyall97;98 were adopted. In all cases the
small-component basis sets were generated by imposing the restricted kinetic balance
relation. The electronic ground state with an ns2 configuration was perturbed by
an analytic δ-function pulse with a strength (κ) of 0.0005 a.u. The perturbed state
was time-evolved for 20000 time steps with a temporal length of 0.1 a.u., which cor-
responds to a total simulation time of 48 fs. The induced dipole moment has been
damped with a gaussian factor (e−λ·t

2

). Finally the induced dipole moment was
Fourier-transformed by means of Padé approximant. The absorption spectra in the
energy range of 0-20 eV are reported in the SI of Ref 72 (see Figures S4-S6). The time
evolution procedure was very effective and no numerical instability was observed. In
Figure 3.4 we focus on the lowest energy transitions 1S0→3P1 and 1S0→1P1. Note
that the states 3P0 and 3P2 are absent in the spectrum because the transitions from
the ground state (1S0) are not allowed within the dipole aprroximation (the selection
rule is ∆J = 0,±1, except the transition from J = 0 to J = 0).

The spin-forbidden transition in the case of Zn was identified, even though it has
a very weak relative intensity (1S0→3P1/1S0→1P1; the intensity ratio is 4.7×10−4).
In Hg the intensity of this transition increases by more than two order of magnitude
(7.4×10−2), with the value for Cd being intermediate to these two values (5.6×10−3).
It is interesting to note the relative intensity of spin-forbidden/spin-allowed transitions
increases going down the Periodic Table with an almost perfect Z5 power law, with Z
being the atomic number (see Figure S7 in the SI of Ref. 72).

The numerical results are reported in Table 3.6. In the case of the singlet state
(1P1), our results are in excellent agreement with the experimental data and with
those obtained from previous four-component real-time TDDFT by Repisky et al..
However, for the 1S0→3P1 transition, our results provide systematic over-estimates
by about 0.4-0.5 eV.

The origin of the difference with the previous calculations of Repisky et al. is ex-
pected to be related to the different approximations used in constructing the exchange-
correlation potential. Indeed, as we have already mentioned, in our case we implement
both the LDA and GGA type exchange-correlation functional in what is called the
“density-only” approximation66, which means that the exchange-correlation func-
tional depends only on the electron density and its gradient in the case of GGA. In
constrast the work of Repisky et al. employs spin-density and magnetization and a
noncollinear approach. A relativistic density functional theory may be devised, in
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Table 3.6: Excitation energies for the two lowest transition energies in the Zn, Cd,
Hg atoms. The results from this work are compared with the recent data taken from
Repisky et al.50 and experimental data reported in Ref.99

Excitation energy (e.V)
atom DFT state this worka Repiskyb exp
Zn SVWN5 1P1 5.75 5.84 5.80

BLYP 1P1 5.66 5.78
SVWN5 3P1 4.83 4.30 4.03
BLYP 3P1 4.69 4.27

Cd SVWN5 1P1 5.45 5.44 5.42
BLYP 1P1 5.36 5.36
SVWN5 3P1 4.57 4.02
BLYP 3P1 4.42 3.96 3.80

Hg SVWN5 1P1 6.59 6.57 6.70
BLYP 1P1 6.42 6.41
SVWN5 3P1 5.54 5.06 4.89
BLYP 3P1 5.36 4.96

Table 3.7: HOMO-LUMO energy gap (∆/eV) for Zn,Cd,Hg is compared to the exci-
tation energy corresponding to the 3P1 state obtained in this work (ω /eV).

DFT ω /eV ∆/eV
Zn LDA 4.83 4.81

BLYP 4.69 4.67
Cd LDA 4.51 4.57

BLYP 4.36 4.42
Hg LDA 5.38 5.54

BLYP 5.20 5.36

the absence of an external magnetic field, in a “density-only” flavor, but this would
require the development of new exchange-correlation functionals66.

A closer analysis of our data shows that calculations of the 1S0→3P1 transition
are at energies which are, especially for Zn, almost identical to the HOMO-LUMO
energy gap (see Table 3.7). An analysis of these numerical results may be made in the
context of linear response theory. A convenient starting point is the linear response
formulation of relativistic four-component density functional theory for closed-shell
systems (for details see Ref. 43;100). It can thus be shown43 that the transition
energy (single-pole approximation) from an occupied spinor (labeled as iσ′) to an
unoccupied spinor (aσ) may be written as

Eaσ,iσ′ = ∆ +Kaσiσ′,aσiσ′ . (3.23)

where ∆ is the HOMO-LUMO gap. Since spin is no longer a good quantum number,
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we resort to time-reversal adapted Kramers basis, denoted as σ and σ′, which may be
termed as ”moment up” and ”moment down” spinors, respectively. Their coupling
Kaσiσ′,aσiσ′ is defined by

Kaσiσ′,aσiσ′ =
(
ϕaσϕiσ′

∣∣ 1

|r − r′| +
δ2Exc

δρσσ′δρττ ′
∣∣ϕaσ′ϕiσ). (3.24)

The transition 1S1→3P1 is a moment (spin)-flipped transition between different Kramers
pairs.

The use of the Exc functional in the so-called “density-only” approximation in

BERTHA, Exc[ρ], excludes off-diagonal density blocks, δ2Exc
δρσσ′δρττ′

. This formalism

reduces to the nonrelativistic and scalar relativistic counterparts if the Greek indices
labelling Kramers partners are interpreted as spins, and the labels σ′ and σ reduce to
the spin-up and spin-down orbitals, respectively. This analysis is perfectly consistent
with our numerical results. For a light element such as Zn, where the participation
of the 3P1 state can be thought in terms of a pure spin transition the Kaσ,iσ′ term
vanishes and the transition energy 1S1→3P1 almost coincides with ∆. In the case of
Cd and Hg, where the transition does not have pure-spin character, the Kaσiσ′,aσiσ′

term is not zero, because the Coulomb integral (ϕaσϕiσ′
∣∣ 1
|r−r′|

∣∣ϕaσ′ϕiσ) is non zero

owing to the spin-orbit coupling and the excitation frequency deviates from an esti-
mate based simply on the HOMO-LUMO energy gap . In addition to demonstrating
the numerical stability of the implemented RT-TDDKS scheme, this simple numerical
test clearly demonstrates the necessity to use more sophisticated exchange-correlation
potentials, going beyond the simple “density-only” approximation. Several directions
can be envisaged, including the use of auxiliary variables as scalar and non-collinear
density, which ensure a retro-fitting of existing non-relativistic density functionals
design for collinear density in the spirit of the work of Li et al.101 An effort in this
direction is currently underway in our laboratory in an attempt to combine a non-
collinear scheme with the variational density fitting algorithm, in order to maintain
the efficiency of the implementation.

3.4.4 Propagator in the non-linear regime and high-harmonic
generation

Before concluding this section we investigate the applicability of the RT-TDDKS
method in the case where a molecular system is subject to intense fields which generate
strongly non-linear effects. The response of molecules in (extreme) intense laser pulses
is a subject of increasing interest both for the design of new materials with large non-
linear optical response and for investigating fundamental processes generated by a
strong field.

While the applicability of the RT-TDDKS method to non-linear optical properties
such as dynamical polarizability and (first and second) hyperpolarizability has already
been explored in a previous study by Konecny et al.52, here we test its applicability for
HHG in molecules. This is a challenging problem for the complexity of the nonlinear
phenomena which are involved and for the high intensity of the field required. The
applied field can be several orders of magnitude larger than one typically used in
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Figure 3.4: A focus on the two transitions 1S0→3P1 and 1S0→1P1 for all three el-
ements Zn, Cd and Hg. The full set of RT-TDDKS absorption spectra is reported
in the SI of Ref. 72 (Figs. S4-S6). Experimental transition energies are reported in
Table 3.6.
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the linear regime; the field intensity in the two regimes is typically of the order of
1014Wcm−2 and 106Wcm−2, respectively. Accurate simulations of HHG in molecular
systems require careful attention of the quality of the basis set used102–104, electron
correlation level and non-dipole effects. In the following, our aim is to demonstrate,
with numerical results, that a real-time propagation scheme based on the full 4-
component DKS Hamiltonian, including both positive and negative energy space, is
valid and gives stable numerical results in the presence of high intensity fields that
generate HHG.

We start with a detailed analysis of the results for the H2 molecule and discuss
briefly the persistent oscillations of the H2 polarization observed even once the field
is switched off and conclude the section with a simulation of HHG spectra for the Au
dimer.

In the context of HHG simulations, physically meaningful quasi-mono-
chromatic laser fields can be represented by an enveloped pulse, of the form E(t) =
f(t)sin(w0t) where f(t) is the envelope function and w0 is the carrier frequency102.
Here, we employ, a cos2 shape for the envelope function

f(t) = E0cos
2
( π

2τ
(τ − t)

)
for |t− τ | ≤ τ
0 elsewhere

where τ is the width of the field envelope.
We have calculated the response of H2 and Au2 at their experimental equilibrium

distances (1.384 a.u. and 4.67 a.u. for H2 and Au2, respectively) to a cos2-shaped
laser field with carrier frequency ω0 = 0.05696 a.u. (1.55 eV). To perform a simulation
that is analogous to illumination by a Ti:sapphire laser, the intensity is assumed to
be I = 1.02 × 1014Wcm−2, corresponding to a field E = 0.054 a.u. with duration
of 80 optical cycles. Each cycle lasts 2π/ω0, and the overall pulse spans 8824 a.u.
(223 fs). The field has been applied along the molecular axis (z). The uncontracted
6-311++G** basis set was used for the large-component in the case of H and the
uncontracted all-electron VDZ basis sets of Dyall97;98 for Au. As usual the small-
component basis was generated using the restricted kinetic balance relation. A non-
relativistic adiabatic DFT functional of LDA type has been employed (SVWN5). For
comparison, in the case of H2 we also worked out a simulation using a weak field
of the same shape but with an intensity reduced to I = 3.51 × 106 W cm−2, which
corresponds to a field E = 1.0× 10−5 a.u.

Figure 3.5 clearly demonstrates that the induced dipole follows the external field
adiabatically, for a weak applied field (panel a), but the electronic response of the
molecule is much more complex in a strong field (panel b). In the latter case the
induced dipole no longer follows the field and strong diabatic effects are clearly present.
The latter effects are also manifested by some residual oscillations of the dipole after
the electric field is switched off. We remark that the propagation has been carried out
for a total time of 24000 a.u (i. e. more than 15000 a.u. after switching the field off)
without observing divergent behavior of the induced dipole or numerical instabilities
in the self-consistent procedure of the predictor/corrector scheme of the second-order
midpoint Magnus propagator used in the calculation. This clearly demonstrates that,
although we are in a strong non-linear regime, the propagation scheme is numerically
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Figure 3.5: Induced dipole moment in H2 molecule. The representation of the
external field is also reported as a red line. (a) Upper panel, the induced dipole
moment by a weak field (I = 3.51× 106Wcm−2 which corresponds to a field
E = 1.0× 10−5au). (b) Lower panel, the induced dipole moment by strong field (
I = 1.02× 1014Wcm−2 which corresponds to a field E = 0.054au). In both cases we
used a duration of 80 optical cycle where each cycle lasts 2π/ω0, the pulses span for
8824 au.
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very stable. More significantly, perhaps, it also shows that the full 4-component
structure of the Hamiltonian, even in the algebraic approximation, does not introduce
unfavorable or unphysical features. Following previous works on HHG in the H2

molecule102, we extract the HHG intensities by obtaining the Fourier transform of
the laser-driven induced dipole moment (see Eq. 3.17). The non-vanishing remaining
part for t larger than τ is discarded, which corresponds to a duration of 8824 a.u. in
the present simulation. The results are reported in Figure 3.6 on a logarithmic scale.
Since H2 has an inversion center only the odd-order harmonics are observed102. We
are able to observe high harmonics with relatively well-defined peaks up the 21th
order. The peaks at higher energies have a very small intensity and are much less
resolved. We mention that this finding qualitatively agrees with data obtained by
White et al.103 using time-dependent configuration interaction (see Figure 1, panel
a) of Ref. 103, data obtained without the inclusion of a heuristic life-time. In the
figure we also introduce a vertical line corresponding at the energy cutoff (Ecutoff )
evaluated by applying the formula

Ecutoff ≈ Ip + 3.17Up (3.25)

where Ip is the ionization potential of the system and Up (Up = E2

4ω2
0
) is the pon-

deromotive energy in the laser field of strength E and frequency ω0
105. Up is related

to the energy of a free electron in the oscillating laser field. The general observed
behaviour of high harmonics for atoms, is that the harmonic intensities decrease for
low-order harmonics followed by a broad plateau region, until the harmonic intensity
drops above a certain energy threshold (Ecutoff ), beyond which no harmonics are
observed. The Ecutoff value determines the maximum number of high harmonics
(Nmax ≈ Ecutoff/ω0) that may be observed. The formula is based on a semiclassical
formulation of the three-step model based on the strong-field approximation as given
by Lewenstein et al.105, which, among others assumes that only a single electron is
active for HHG. In the case of molecular systems, the HHG spectra present more
complex features and the above formula it is not strictly valid. With the laser param-
eters used here (E = 0.054 a.u, ω0 = 0.05696 a.u.) and the experimental ionization
potential of H2 (Ip = 0.5667 a.u.), the above formula predicts a Ecutoff value of
1.27897 a.u. (Nmax at about the 23rd harmonic), which is at least consistent with
the HHG spectrum we observe here. The diabatic effects which are clearly present
for the induced dipole do not vanish when the laser impulse is turned off (see Figure
3.5). Li et. al 24 suggested that the residual oscillations result from the superposi-
tion of excited states of the molecule that may be populated during an intense pulse.
These states would remain populated after the pulse and cause the fluctuations in the
dipole moment. We have analyzed the persistent oscillations of the induced dipole
and compared them with the electronic linear absorption spectrum obtained applying
an analytic δ-function pulse with a strength of 1.0×10−5 a.u. in the direction of the
internuclear axis. As can be seen in Fig 3.7, the residual oscillation of the dipole
consists of two well resolved frequency components (at 11.06 eV and 26.9 eV), whose
signals actually coincide with two peaks of the absorption spectrum of H2.

The reason why only these two frequency component are found in the oscillation
tail and why the frequency corresponding in the absorption spectrum to the transition
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Figure 3.8: Comparison of calculated HHG (log10[P (ω)]) and linear absorption (S(w))
spectra of H2 reported in terms of harmonic order (discrete multiples of ω0, with
ω0 = 0.05696 a.u., corresponding at 1.55 eV.

at 15.03 eV is absent, becomes clear if we compare the absorption spectrum of H2

with the HHG spectrum (Figure 3.8). It is clear that to the persistent oscillations
contribute those natural transitions of the system which are close to the maximum of
the intensity of high order oscillations. This finding is very interesting and should be
the subject of a dedicated study.

The stability of the time propagation scheme proposed here in combination with
DKS theory has also been tested for the HHG in a molecular systems containing heavy
elements, the Au dimer. We were able to carry out the all-electron dynamics in Au2

using the same intense impulse we used for H2. The simulation is numerically stable
and allowed us to obtain an HHG spectrum (Figure 3.9). Again we also report in the
figure the Ecutoff value using the experimental ionization potential106 (Ip = 0.338
a.u., 9.20 eV). To our knowledge this is the first theoretical prediction of a HHG
spectrum in a molecule containing heavy elements.

3.5 Conclusions and perspectives

In this Chapter, we have reported a new implementation of real-time time dependent
density functional theory based on the relativistic four-component Dirac-Kohn-Sham
method developed in the BERTHA package. The implementation strategy was based
on modern software engineering, using prototyping techniques. In particular, we
used the Psi4NumPy70 framework, which is based on an efficient computational ker-
nel based on the open-source Psi4 program and uses the NumPy library for linear
algebra, to implement a preliminary reference and numerically stable real-time prop-
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agation scheme in non-relativistic Kohn-Sham theory, completely written in Python.
Besides fast prototyping, the Python-oriented infrastructure allowed us to write a
“portable” code. We have devised a new Python API for BERTHA (named Py-
BERTHA), which was, similar to Psi4NumPy for the Psi4 kernel, a suitable frame-
work to access all computationally demanding quantities (as for instance the DKS
matrix) directly from Python and to use them with the Numpy library for linear al-
gebra. Using PyBERTHA was then straightforward to port the real-time propagation
scheme developed within the Psi4NumPy framework to PyBERTHART. Furthermore,
our implementation strategy provides the complete control of all those parameters
which affect the electron dynamics, such as the explicit shape of external field, the
particular implementation of the propagation scheme and time step. This structure
rendered the development of the real-time scheme based on the full relativistic four-
component Hamiltonian relatively simple and easy to debug. The results indicate
that the overhead due to the Python layer is negligible, especially in view of its ad-
vantages in terms of code reuse and software portability and that the inter-operability
between different programming languages (FORTRAN, C and Python) do not affect
the numerical stability of the propagation scheme. The new real-time time dependent
Dirac-Kohn-Sham implementation, together with the underlying PyBERTHA code,
exhibit a remarkable numerical stability which has been tested in a wide range of
chemical systems and different regimes, both with weak and strong external fields.
In all cases, the numerical stability of the propagation is not adversely affected by
the explicit presence of the negative-energy states occurring in the four-component
formalism.
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The time-propagation remains stable when the variational density fitting algo-
rithm is used to speed-up the DKS matrix construction. On the basis of a system-
atic analysis of the impact of density fitting on a low energy transition in the water
molecule and using several density fitting basis sets of increasing accuracy, it has
been shown that high accuracy can be achieved only if one employs a relative ex-
tended fitting basis set (error in the Coulomb energy of the order of 10−6 hartree).
Interestingly, the transition energies exhibit strong convergence behavior to the values
obtained without using the density fitting procedure if the quality of the fitting ba-
sis sets is increased. This finding suggests that the error in the Coulomb energy may
provide a useful estimate of the fitting basis set quality in real-time electron dynamics
simulations. The PyBERTHART implementation has also been applied to molecular
systems subject to intense fields which introduce strong non-linear effects such as in
HHG. We have calculated the response of H2 and Au2 to an intense oscillating electric
field (I = 1.02×1014 W cm−2 and our calculations clearly demonstrate the capability
of the method to describe electron dynamics also in strong non linear regime. High
harmonics are generated in these simulations with relatively well-defined peaks up the
21st and 13rd order in the case of H2 and Au2, respectively. In the case of H2, analyz-
ing the persistent oscillations of the induced dipole and comparing them to the linear
absorption spectrum it emerged that the persistent dipole oscillations contribute the
natural transition frequencies of the system. Actually, the availability of explicit arbi-
trary excitation fields will facilitate the treatment of a wide class of problems, ranging
from intense-field simulations, to high order polarizabilities extending the analysis to
molecules contain heavy elements.

From a methological point of view, the newly developed Python API PyBERTHA
appears to provide an ideal framework to lower the barrier for future developments
in relativistic quantum chemistry, and in particular for real-time based approaches.
This includes, for instance, the inclusion in the RT-TDDKS method of solvent effects
via polarizable continuum models86 or frozen density embedding schemes107;108. The
latter may offer a powerful tool for insights into energy-transfer processes and infor-
mation about the role of the coupling between subsystems109. We devote the next
Chapter to the extension of the Frozen Density Embedding formulation of Density
Function Theory (DFT) to the RT-TDDFT.
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Chapter 4

Environmental effects with
Frozen Density Embedding in
Real-Time Time-Dependent
Density Functional Theory
using localized basis functions

*

Frozen Density Embedding (FDE) represents a versatile embedding scheme to de-
scribe the environmental effect on the electron dynamics in molecular systems. The
extension of the general theory of FDE to the real-time time-dependent Kohn-Sham
method has previously been presented and implemented in plane-waves and periodic
boundary conditions by Pavanello and coworkers.70

In this Chapter, we extend our recent formulation of real-time time-dependent
Kohn-Sham method based on localized basis set functions and developed within the
Psi4NumPy framework to the FDE scheme. The latter has been implemented in its
“uncoupled” flavor (in which the time evolution is only carried out for the active sub-
system, while the environment subsystems remain at their ground state), using and
adapting the FDE implementation already available in the PyEmbed module of the
scripting framework PyADF. The implementation was facilitated by the fact that both
Psi4NumPy and PyADF, being native Python API, provided an ideal framework of
development using the Python advantages in terms of code readability and reusabil-
ity. We employed this new implementation to investigate the stability of the time
propagation procedure, which is based an efficient predictor/corrector second-order
midpoint Magnus propagator employing an exact diagonalization, in combination

*Originally published in J. Chem. Theory Comput. 2020, 16, 9, 5695-5711, De Santis, M.;
Belpassi, L.; Jacob, C. R.; Gomes, A. S. P.; Tarantelli, F.; Visscher, L.; Storchi, L. Environmental
Effects with Frozen-Density Embedding in Real-Time Time-Dependent Density Functional Theory
Using Localized Basis Functions.
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with the FDE scheme. We demonstrate that the inclusion of the FDE potential does
not introduce any numerical instability in time propagation of the density matrix of
the active subsystem and in the limit of weak external field, the numerical results for
low-lying transition energies are consistent with those obtained using the reference
FDE calculations based on the linear response TDDFT. The method is found to give
stable numerical results also in the presence of strong external field inducing non-
linear effects. Preliminary results are reported for high harmonic generation (HHG)
of a water molecule embedded in a small water cluster. The effect of the embedding
potential is evident in the HHG spectrum reducing the number of the well resolved
high harmonics at high energy with respect to the free water. This is consistent with
a shift towards lower ionization energy passing from an isolated water molecule to
a small water cluster. The computational burden for the propagation step increases
approximately linearly with the size of the surrounding frozen environment. Further-
more, we have also shown that the updating frequency of the embedding potential
may be significantly reduced, much less that one per time step, without jeopardising
the accuracy of the transition energies.

4.1 Introduction

The last decade has seen a growing interest in the electron dynamics taking place in
molecules subjected to an external electromagnetic field. Matter-radiation interac-
tion is involved in many different phenomena ranging from weak-field processes, i.e.,
photo-excitation, absorption and scattering, light harvesting in dye sensitized solar
cells1;2 and photo-ionization, to strong-field processes encompassing high harmonic
generation3;4, optical rectification5;6, multiphoton ionization7 and above threshold
ionization8. Furthermore, the emergence of new Free Electron Lasers (FEL) and at-
tosecond methodologies9;10 opened an area of research in which experiments can probe
electron dynamics and chemical reactions in real-time and the movement of electrons
in molecules may be controlled. These experiments can provide direct insights into
bond breaking11–13/forming14 and ionization15;16 by directly probing nuclear and
electron dynamics.

Real-time time-dependent electronic structure theory, in which the equation of
motion is directly solved in the time domain, is clearly the most promising for in-
vestigating time-dependent molecular response and electronic dynamics. The recent
progress in the development of these methodologies is impressive (see, for instance,
a recent review by Li et al.17). Among different approaches, because of its compro-
mise between accuracy and efficiency, the real-time time-dependent density functional
theory (RT-TDDFT) is becoming very popular. The main obstacle to implementing
the RT-TDDFT method involves the algorithmic design of a numerically stable and
computationally efficient time evolution propagator. This typically requires the re-
peated evaluation of the effective Hamiltonian matrix representation (Kohn-Sham
matrix), at each time step. Despite the difficulties to realizing a stable time propa-
gator scheme, there are very appealing features in a real-time approach to TDDFT,
such as the absence of explicit exchange-correlation kernel derivatives 18 or diver-
gence problems appearing in response theory and one has the possibility to obtain all



4.1. INTRODUCTION 119

frequency excitations at the same cost. Furthermore, the method is suitable to treat
complex non-linear phenomena and external fields with an explicit shape, which is a
key ingredient for the quantum optimal control theory19.

Several implementations have been presented20–22, after the pioneering work of
Theilhaber23 and Yabana and Bertsch24. Many of them rely on the real space grid
methodology24 with Siesta and Octopus as the most recent ones25;26. Alternative ap-
proaches employ plane waves such as in Qbox27 or QUANTUM ESPRESSO28;29 and
analytic atom centered Gaussian basis implementations (i.e., Gaussian30;31, NWChem32,
Q-Chem33;34) also have gained popularity. The scheme has been also extended to
include relativistic effects at the highest level. Repisky et al. proposed the first appli-
cation and implementation of relativistic TDDFT to atomic and molecular systems35

based on the four-component Dirac Hamiltonian and almost simultaneously Goings et
al.36 published the development of X2C Hamiltonian-based electron dynamics and its
application to the evaluation of UV/vis spectra. Very recently, some of us presented
a RT-TDDFT implementation37;38 based on state-of-the-art software engineering ap-
proaches (i.e. including interlanguage communication between High-level Languages
such as Python, C, FORTRAN and prototyping techniques). The method, based on
the design of an efficient propagation scheme within the Psi4NumPy39 framework, was
also extended to the relativistic four-component framework based on the BERTHA
code40–42, (more specifically based on the recently developed PyBERTHA37;38;43;44,
that is the Python API of BERTHA).

The applications of the RT-TDDFT approach encompass studies of linear45 and
non-linear optical response properties25;46, molecular conductance47, singlet-triplet
transitions48, plasmonic resonances magnetic circular dichroism49, core excitation,
photoinduced electric current, spin-magnetization dynamics50 and Ehrenfest dynam-
ics51;52. Moreover, many studies in the relativistic and quasi relativistic framework
appeared, ranging from X-ray near-edge absorption53, to nonlinear optical proper-
ties54, to chiroptical spectroscopy55.

Most part of initial applications of real-time methodology to chemical systems were
largely focused on the electron dynamics and optical properties of the isolated target
systems. However, it is widely recognized that these phenomena are extremely sensi-
tive to the polarization induced by the environment, such that the simulation on an
isolated molecule is usually not sufficient even for a qualitative description. A number
of studies aiming at including the effect of a chemical environment within RT-TDDFT
have appeared in the literature. They are based on the coupling of RT-TDDFT with
the QM/MM approach which includes the molecular environment explicitly and at a
reduced cost using classical mechanical description31;56 or in a polarizable continuous
medium (PCM), where the solvent degrees of freedom are replaced by an effective
classical dielectric.57–59 One of the challenges, however, in the dynamical description
of the environment is that the response of the solvent is not instantaneous, thus these
approaches have been extended to include the non-equilibrium solvent response60–63.
A recent extension considers also non-equilibrium cavity field polarization effects for
molecules embedded in an homogeneous dielectric64.

Going beyond a classical description for the environment, very recently, Koh et
al.65 have combined the RT-TDDFT method with block-orthogonalized Manby-Miller
theory66 to accelerate the RT-TDDFT simulations, the approach is also suitable for
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cheaply accounting the solvation effect on the molecular response. Another fully
quantum mechanical approach to include environment effects in the molecular re-
sponse property is based on the frozen-density embedding (FDE) scheme67–69. FDE
is a DFT-in-DFT embedding method that allows to partition a larger Kohn-Sham
system into a set of smaller, coupled Kohn-Sham subsystems. Additional to the com-
putational advantage, FDE provides physical insight into the properties of embedded
systems and the coupling interactions between them.70

For electronic ground states, the theory and methodology were introduced by
Weso lowski and Warshel71, based on the approach originally proposed by Senatore
and Subbaswamy72, and later Cortona73, for solid-state calculations. It has been fur-
ther generalized74;75 and directed to the simultaneous optimization of the subsystem
electronic densities. Within the linear-response formalism Casida and Weso lowski put
forward a formal TDDFT generalization76 of the FDE scheme. Neugebauer77;78 then
introduced coupled FDE, a subsystem TDDFT formulation which removed some of
the approximations made in the initial TDDFT-FDE implementations. Recently, the
approach has been further extended79;80 to account for charge-transfer excitations,
taking advantage of an exact FDE scheme81–85.

A DFT subsystem formulation of the real-time methodology has been presented in
a seminal work by Pavanello and coworkers70 together with its formulation within the
FDE framework. They showed that the extension of FDE to RT-TDDFT can be done
straightforwardly by updating the embedding potential between the systems at every
time step and evolving the Kohn-Sham subsystems in time simultaneously. Its actual
implementation, based on the use of plane-waves and ultrasoft pseudopotentials29;70,
showed that the updating of the embedding potentials during the time evolution of
the electron density does not affect the numerical stability of the propagator. The
approach may be approximated and devised in the so called “uncoupled” scheme
where the density response to the external field is limited to one active subsystem
while keeping the densities of the other subsystems frozen in time. Note that also
in this uncoupled version the embedding potential is time-dependent and needs to
be recomputed and updated during the time propagation. However, the propagation
scheme is restricted to the active subsystem and the approach is promising to include
environmental effects in the real-time simulation. Numerous applications within the
context of the linear response TDDFT showed that an uncoupled FDE is sufficient
for reproducing supermolecular results with good accuracy even in the presence of
hydrogen bonds as long as there are no couplings in the excitations between the
systems.

In this Chapter we extend RT-TDDFT based on localized basis functions to the
FDE scheme in its uncoupled version (uFDE-RT-TDDFT), taking advantage of mod-
ern software engineering and code reusability offered by the Python programming
language. We devised an unified framework based on Python in which the high
interoperability allowed the concerted and efficient use of the recent RT-TDDFT pro-
cedure, which some of us have implemented in the framework of the Psi4Numpy
API37;38, and the PyADF API86. The RT-TDDFT procedure has served as the main
interface where the PyADF methods, which gave direct access to the key quantities
necessary to devise the FDE scheme, can be accessed within a unified framework.
Since in this work we introduced a new flavor of the RT-TDDFT Psi4Numpy-based
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program, to avoid confusions, from now on, we will refer to the aforementioned RT-
TDDFT based on Psi4Numpy as Psi4-rt, while its extension to the FDE subsystem
framework will be referred as Psi4-RT-PyEmbed.

In Section 4.2 we review the fundamentals of FDE and its extension to RT-TDDFT
methodology. In Section 4.3 computational details are given with a specific focus on
the interoperability of the various codes we merged and used: Psi4Numpy39, XCFun87

and PyADF86, including the PyEmbed module recently developed by some of us. In
Section 4.4 we report and comment the results of the calculations we performed on
excitation transitions for different molecular systems, including: a water-ammonia
complex, a water cluster and a more extend acetone-in-water cluster case. Finally,
we give some preliminary results about the applicability and numerical stability of
the method in presence of intense external field inducing strong non-linear effects as
High Harmonic Generation (HHG) in the active system. Concluding remarks and
perspectives are finally given in Section 4.5.
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4.2 Theory

In this section we briefly review the theoretical foundations of the FDE scheme and
its extension to the RT-TDDFT methodology. As mentioned above, a previous im-
plementation was presented by Pavanello et al.70 using plane waves and ultrasoft
pseudopotentials. We refer the interested reader to this seminal work for a general
theoretical background, and for additional details of the FDE-RT-TDDFT formal
derivation.

4.2.1 Subsystem DFT and Frozen Density Embedding formu-
lation

In the subsystem formulation of DFT the entire system is partitioned into N subsys-
tems, and the total density ρtot(r) is represented as the sum of electron densities of
the various subsystems [i.e., ρa(r) (a = 1, .., N)]. Focusing on a single subsystem, we
can consider the total density as partitioned in only two contributions as

ρtot(r) = ρI(r) + ρII(r). (4.1)

The total energy of the system can then be written as

Etot[ρI, ρII] = EI[ρI] + EII[ρII] + Eint[ρI, ρII] (4.2)

with the energy of each subsystem (Ei[ρi], with i = I, II) given according to the usual
definition in DFT as

Ei[ρi] =

∫
ρi(r)vinuc(r)d3r +

1

2

∫∫
ρi(r)ρi(r

′)
|r − r′| d3rd3r′+

+ Exc[ρi] + Ts[ρi] + Einuc.

(4.3)

In the above expression, vinuc(r) is the nuclear potential due to the set of atoms which
defines the subsystem and Einuc is the related nuclear repulsion energy. Ts[ρi] is the
kinetic energy of the auxiliary non-interacting system, which is, within the Kohn-
Sham (KS) approach, commonly evaluated using the KS orbitals. The interaction
energy is given by the expression:

Eint[ρI, ρII] =

∫
ρI(r)vII

nuc(r)d3r +

∫
ρII(r)vI

nuc(r)d3r + EI,II
nuc

+

∫∫
ρI(r)ρII(r

′)
|r − r′| d3rd3r′ + Enadd

xc [ρI, ρII] + T nadd
s [ρI, ρII]

(4.4)

with vI
nuc and vII

nuc the nuclear potentials due to the set of atoms associated with
the subsystem I and II, respectively. The repulsion energy for nuclei belonging to
different subsystems is described by the EI,II

nuc term. The non-additive contributions
are defined as:

Xnadd[ρI, ρII] = X[ρI + ρII]−X[ρI]−X[ρII] (4.5)

with X = Exc, Ts. These terms arise because both exchange-correlation and kinetic
energy, in contrast to the Coulomb interaction, are not linear functionals of the den-
sity.
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The electron density of a given fragment (ρI or ρII in this case) can be determined
by minimizing the total energy functional (Eq. 4.2) with respect to the density of the
fragment while keeping the density of the other subsystem frozen. This procedure is
the essence of the FDE scheme and leads to a set of Kohn-Sham-like equations (one
for each subsystem)

[
− ∇

2

2
+ vKS

eff [ρI](r) + vI
emb[ρI, ρII](r)

]
φI
k(r) = εI

kφ
I
k(r) (4.6)

which are coupled by the embedding potential term vI
emb(r), which carries all depen-

dence on the other fragment’s density. In this equation, vKS
eff [ρI](r) is the KS potential

calculated on basis of the density of subsystem I only, whereas the embedding po-
tential takes into account the effect of the other subsystem (which we consider here
as the complete environment). In the framework of FDE theory, vI

emb(r) is explicitly
given by

vI
emb[ρI, ρII](r) =

δEint[ρI, ρII]

δρI(r)

= vII
nuc(r) +

∫
ρII(r

′)
|r − r′|d

3r′ +
δEnadd

xc [ρI, ρII]

δρI(r)
+
δT nadd

s [ρI, ρII]

δρI(r)
,

(4.7)

where the non-additive exchange-correlation and kinetic energy contributions are de-
fined as the difference between the associated exchange-correlation and kinetic poten-
tials defined using ρtot(r) and ρI(r). For both potentials, one needs to account for
the fact that only the density is known for the total system so that potentials that
require input in the form of KS orbitals are prohibited. For the exchange-correlation
potential, one may make use of accurate density functional approximations and its
quality is therefore similar to that of ordinary KS. The potential for the non-additive

kinetic term (
δTnadd
s [ρ]
δρI(r) , in Eq. 4.7) is more problematic as less accurate orbital-free

kinetic energy density functionals (KEDFs) are available for this purpose. Examples
of popular functional approximations applied in this context are the Thomas-Fermi
(TF) kinetic energy functional88 or the GGA functional PW91k89. These functionals
have shown to be accurate in the case of weakly interacting systems including hydro-
gen bond systems, whereas their use for subsystems interacting with a larger covalent
character is problematic (see Ref. 81 and references therein). The research for more
accurate KEDFs is a key aspect for the applicability of the FDE scheme as a general
scheme, including the partitioning of the system also breaking covalent bonds.90

In general, the set of coupled equations that arise in the FDE scheme for the
subsystems have to be solved iteratively. Typically, one may employ a procedure of
“freeze-and-thaw” where the electron density of the active subsystem is determined
keeping frozen the electron density of the others subsystems, which is then frozen
when the electron density of the other subsystems is worked out. This procedure may
be repeated many times until all subsystems’ densities are converged. In this case
the FDE scheme can be seen as an alternative formulation of the conventional KS-
DFT approach for large systems (by construction it scales linearly with the number
of subsystems). The update of the density for (part of) the environment can be
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important when trial densities obtained from isolated subsystems are not are not a
very good starting point, as is the case for ionic species91–93.

The implementation of FDE is relatively straightforward, in that the vI
emb(r)

potential is a one-electron operator that needs to be added to the usual KS Hamilto-
nian. When using localized basis functions, the matrix representation of the embed-
ding potential (Vemb) may be evaluated using numerical integration grids similar to
those used for the exchange-correlation term in the KS method. This contribution
is then added to the KS matrix and the eigenvalue problem is solved in the usual
self-consistent field manner.

We note that, irrespective of whether one or many subsystem densities are opti-
mized, the matrix Vemb needs to be updated during SCF procedure because it also
depends on the density of the active subsystem (see Eq. 4.7).

Going beyond the ground state is necessary to access many interesting properties,
which for DFT are expressed via response theory76–78;94;95, such as electronic absorp-
tion96 or NMR shielding93;97, and for which FDE has been shown to work properly
since these are quite often relatively local. In a response formulation, the embedding
potential as well as its derivatives enter the equations and, if more than one sub-
system is allowed to react to the external perturbations77;78;94;95, the derivatives of
the embedding potential introduce the coupling in the subsystems’ response (as the
embedding potential introduces the coupling of the subsystems’ electronic structure
in the ground state).

While such couplings in response may be very important in certain situations,
such as for strongly interacting systems79;80 or for extensive properties78, disregarding
them still can provide a very accurate picture, notably for localized excited states91;96.
In this simplified “uncoupled” framework, one considers only the response of the sub-
system of interest (and thus the embedding potential and its derivative with respect
to this subsystem’s density). While neglecting environment response may seem a
drastic approximation, good performance relative to supermolecular reference data
has been obtained for excitation energies of a chromophore in a solvent or a crystal
environment, even when only retaining the embedding potential91. We will therefore
employ this framework in the following.
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4.2.2 The Real-Time Time-Dependent Kohn-Sham method and
its extension to FDE

We briefly recapitulate the essential points of the real-time time-dependent Kohn-
Sham method we outlined in the previous Chapters.

The one-electron density matrix D(t) representing in the algebraic approximation
the time-dependent electron density evolves in time according to

D(t) = U(t, t0)D(t0)U(t, t0)† (4.8)

where U(t, t0) is the matrix representation of the time-evolution operator:

U(t, t0) = T̂ exp

(
− i
∫ t

t0

H(t′)dt′
)

(4.9)

We have extensively discussed in Chapter 1 the properties of the time-evolution oper-
ator and the basic strategy to carry-out the time propagation was detailed in Chapter
3. We recall that in a non-relativistic framework, the Kohn-Sham matrix (H(t)) in
Eq. 4.9 is defined as

H(t) = T + vnuc + Vxc[ρ(t)] + J [ρ(t)] + vext(t), (4.10)

where T and vnuc are the one-electron non-relativistic kinetic energy and intramolecu-
lar nuclear attraction terms, respectively. The explicit time dependence ofH(t) is due
to the time-dependent external potential vext(t), which accounts for the interaction of
the molecular system with an applied external electric field. Even in the absence of an
external field the Fock operator is implicitly dependent on time through the density
matrix D(t) in the Coulomb (J [ρ(t)]) and exchange-correlation terms (Vxc[ρ(t)]).

The methodology that we have described can be straightforwardly extended to
the subsystem density functional theory framework and in particular to FDE (FDE-
RT-TDDFT)70. In this Thesis we consider one active subsystem and keep frozen
the density of the environment along the time propagation (uncoupled scheme, to
which we will refer as uFDE-RT-TDDFT). Thus, the equation of motion is solved
in the space of the active subsystem. The only modification to LvN (Eq. 3.1) is in
the definition of the effective Hamiltonian matrix representation which now refers
to the active subsystem (HI(t) = T I + vI

nuc + Vxc[ρI(t)] + J [ρI(t)] + vext(t)) and
to which the matrix representation of the embedding potential (V emb(t)) is added
to take into account the effect of the environment. The propagation scheme itself
remains unaltered.

As in the case for the ground state, in which the change of the active subsystem
density requires that V emb is updated at each SCF iteration, the time propagation
of the electron density will introduce a time dependence in V emb even though the
environment densities are kept frozen at their ground state value (due to the use of
the uncoupled scheme).

Thus, the V emb matrix needs to be updated during the propagation. In the
present implementation we use atomic centered Gaussian function as basis set for the
active subsystem and evaluate the V emb

µν matrix elements numerically91. We will show
that the numerical noise associated with the construction of the embedding potential
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introduced by this scheme does not affect the numerical stability of the density matrix
propagation in the linear and non-linear regimes. In the following sections we will also
demonstrate, for a specific application, that the updating frequency of the embedding
potential may be significantly reduced (much less than one per time step used to
evaluate Eq. 4.8) without jeopardising the accuracy.

4.3 Computational Details and Implementation

In this section we outline the computational strategy we adopted to implement the
uFDE-RT-TDDFT scheme. We devised a multi-scale approach where we take ad-
vantage of the real-time TDDFT reference procedure and summarised in the pre-
vious Chapter, recently implemented within Psi4Numpy framework (i.e. Psi4-RT
program)37;38, while the FDE computational core relies on PyADF86;104 and makes
use of its PyEmbed module, which has been recently developed105;106. PyEmbed
provides a Python implementation for computing the interaction energy (Eq. 4.4)
and embedding potential (Eq. 4.7) from FDE on user-defined integration grids, while
using the XCFun library18;87 to evaluate non-additive exchange-correlation and ki-
netic energy contributions. With PyEmbed, quantum chemistry codes require only
minimal changes: functionality to provide electron densities and its derivatives, as
well as the electrostatic potential, over the grid, as well as to read in the embedding
potential, and add it as a one-electron operator in the Fock matrix91. The PyADF
scripting framework provides all the necessary tools to manage various computational
tasks and manipulate the relevant quantities for electronic-structure methods. The
resulting Python code, referred as Psi4-RT-PyEmbed, is available under GPLv3 li-
cense at Ref. 107. A data set collection of computational results, including numerical
data, parameters and job input instructions used to obtain the absorption spectra
of Sections 4.2, 4.3 and 4.5, is available in the Zenodo repository and can be freely
accessed at Ref. 108.

4.3.1 Rapid prototyping and implementation

Psi4Numpy39;109 and PyADF86;104, both provide a Python interface, which greatly
simplifies the computational work-flow from input data to the results. PyADF is a
quantum chemistry scripting framework that provides mechanisms for both control-
ling the execution of different computational tasks and for managing the communica-
tion between these tasks using Python object-oriented programming techniques. As
we already mentioned, its built-in classes permit to handle different aspects involved
in the work-flow as a single unit. All the advantages coming from object-oriented
programming (i.e extensibility and inheritance) are readily available and allow us to
incorporate third-party scientific code and directly manipulate quantities coming from
different codes (Psi4Numpy) in our case.

The Python HLL (High-Level Language), among others, permits to formally ex-
press complex algorithms in comparatively few lines of codes. This makes rather
straightforward to let PyADF interact with Psi4Numpy native Python API. For the
sake of completeness we want to finally mention that, to accomplish our goal, we
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firstly had to port some of the frameworks (specifically XCFun, PyADF and PyEm-
bed) to the new Python 3.0 standard (i.e. we forked the original code of the cited
packages, and we made them publicly available at Refs. 110;111).

As an explicit example of the interoperativity achieved between different codes
we report in Algorithm 7 some basic directives used to compute those key quanti-
ties necessary for our uFDE-RT-TDDFT. The electron density of an active system
is obtained via Psi4Numpy while the electron density, the Coulomb potential and
non-additive terms of the environment are managed using PyADF. These quantities
can be easily mapped on a common numerical grid and used in PyEmbed to evaluate
the relative non additive embedding potential. Thus, the geometry and basis set of
the active system (in this specific case a H2O molecule) are parsed at Line 7 and the
ground state wavefunction object is returned by the psi4.energy() method. The cor-
responding electron density matrix is then obtained as a NumPy array by the h2o wfn
object. The electron density is mapped into a real-space grid representation using a
preset numerical grid, and used to populate a suitable object container (Line 14-20).
A ground state calculation of the environment molecule (that is a NH3 molecule in
this example) is carried out using PyADF run() method (Line 23). In this case we
use the adfsinglepointjob method to execute the corresponding ADF calculation112.
We mention here that PyADF, despite its name, is not specific to this program, but
works with a number of different quantum chemistry codes. The density and Coulomb
potential resulting from this calculation, that are represented on a common numer-
ical grid, are obtained using get density() and get potential() methods (Line 25,27)
respectively. The PyEmbed module has all the methods needed to manage the den-
sity of both the reference system and environment to finally compute the non-additive
embedding potential. Indeed, the embed eval object is instantiated (Line 34) and the
non-additive embedding potential is evaluated on the numerical grid using get nad pot
(Line 36), once the density of both the active system and of the environment has been
provided.

Algorithm 7 has well illustrated how we can utilize the classes provided by PyADF
to obtain a very simple workflow in which we are able to manipulate quantities coming
from Psi4Numpy. Thus, we are now in a position to draw the main lines of our
uFDE-RT-TDDFT implementation, the Psi4-RT-PyEmbed code107. In Figure 4.1
we present its pictorial workflow.

We start describing the out-of-loop section. Firstly the geometry and basis set of
the environment are initialized (the orange left most block), thus the ADF package
provides, through a standalone single point calculation, the electrostatic and nuclear
potential of the environment and its density ρII and a suitable integration grid for
later use. At this stage all the basis sets and exchange-correlation functionals available
in the ADF library can be used. In the next step, green block, the geometry and
basis set of the active system are parsed from input and the ground state density
ρI is calculated using the Psi4Numpy related methods. The right pointing arrow,
connecting the last block, sketches the mapping of the density matrix onto the real-
space grid representation. The evaluation of ρI(r) on the numerical grid is efficiently
accomplished using the molecular orbitals (MO), which requires the valuation the
localized basis functions at the grid points.

Finally, the PyEmbed module comes into play (last block of the out-of-loop sec-
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Algorithm 7 Illustrative Python code to compute active system density (using the
Psi4Numpy code), environment density and Coulomb potential (using the ADF code)
and non-additive embedding potential via the PyEmbed module.

1: import psi4
2: import pyadf
3: import pyadf.PyEmbed
4: from pyadf.Plot.GridFunctions import GridFunctionFactory
5: from pyadf.Plot.GridFunctions import GridFunctionContainer
6: ...
7: geom,mol = fde util.set input(’h2o.xyz’,basis set)
8: # psi4 run
9: ene, h2o wfn = psi4.energy(func,return wfn=True)

10: # get psi4 h2o density
11: D = np.array(h2o wfn.Da())
12: ...
13: # map h2o density matrix to the numerical grid
14: temp = 2.0 * fde util.denstogrid( phi, D, S,ndocc)
15: rho = np.zeros((temp.shape[0],10),dtype=np.float )
16: rho[:,0] = temp
17: # fill in the container with density
18: dens gf = GridFunctionFactory.newGridFunction(agrid,\

np.ascontiguousarray(rho[:,0]),gf type=”density”)
19: ...
20: density h2o = GridFunctionContainer([dens gf, densgrad, denshess])
21: m nh3 = pyadf.molecule(nh3.xyz)
22: # ADF run
23: run nh3 = pyadf.adfsinglepointjob(m nh3, basis active,\

settings=adf settings).run()
24: # get nh3 density
25: density nh3 = run nh3.get density(grid=agrid, fit=False, order=2)
26: # get nh3 coulomb potential
27: nh3 coul = run nh3.get potential(grid=agrid, pot=’coul’)
28: ...
29:

30: # PyEmbed run
31: embed settings = pyadf.PyEmbed.EmbedXCFunSettings()
32: embed settings.set fun nad xc ({’BeckeX’: 1.0, ’LYPC’: 1.0})
33: embed settings.set fun nad kin({’pw91k’ : 1.0})
34: embed eval = pyadf.PyEmbed.EmbedXCFunEvaluator(\

settings=embed settings)
35: # compute non-additive part of the embedding potential
36: nadpot h2o = embed eval.get nad pot(density h2o, density nh3)
37: nad val = nadpot h2o.get values()
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Figure 4.1: Working flowchart of the uFDE-RT-TDDFT. In the out-of-loop section
the density and electrostatic potential of the environment are obtained as grid func-
tions. The active system density matrix is expressed as grid function object and
used to calculate the embedding potential. The active system density is optimized
self-consistently according to Eq. 4.7. The red star and the arrow pointing at it,
symbolize that the out-of-loop blocks of tasks are involved only in the initial stage of
the procedure. a) The relaxed active density matrix is exported as grid function. b)
PyEmbed classes are used to calculate the embedding potential. c) The embedding
potential is expressed on the finite basis set representation (GTO’s). d) The active
density matrix is evolved according to the real-time propagation scheme.

tion), the real-space electron densities ρI and ρII serve as input for the get nad pot()
method. Thus the non-additive kinetic and exchange potential are obtained. The
embedding potential is then calculated from its constituents (i.e. the environment
electrostatic and nuclear potential and the non-additive contribution as detailed in
Eq. 4.7) and evaluated at each grid point, vemb(rk). The embedding potential matrix
representation in the active subsystem basis set, V emb, is calculated numerically on
the grid as

V emb
µν =

∑
k

χµ(rk)χν(rk)vemb(rk)wk (4.11)

where χµ(rk) are the Gaussian-type basis set functions employed in the active systems
(used in Psi4Numpy) evaluated at the grid point, rk. In the above expression, wk are
specific integration weights.

In the case of a FDE-RT-TDDFT calculation, the electron density of the active
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system at the beginning of the propagation (t0 = 0, initial condition) is not the
ground state density of the isolated molecule, rather a polarized ground state density.
The latter is obtained through a self-consistent-field calculation in the presence of the
embedding potential. We adopt the so-called split-SCF scheme as described in Ref.
113. It should be noted that the density matrix, corresponding to the optimized ρI

electron density, is the input data for the green block (block a) of the in-loop section.
The outgoing red arrow, connecting the out- and the in-loop branch of the diagram,
it means that the former is only involved in the early step of the procedure and it will
no longer come into play during the time propagation. As mentioned, the optimized
density matrix of the active system as resulting from the SCF procedure including
the embedding potential, is the starting point for the real-time propagation. Where-
upon, at each time step we determine the embedding potential corresponding to the
instantaneous active density (vemb[ρI(t), ρII]). Again we need its mapping onto the
real-space grid as shown in the first green box (box a). Then, we utilize the methods
reported in the rectangular orange box (box b) to calculate the non-additive part of
the embedding potential at each grid point. Finally we add the non-additive (kinetic
and exchange-correlation) potential to the electrostatic potential of the environment
calculated again at each grid point. It should be noted that because the density
of the environment is frozen, thus the corresponding electrostatic potential remains
constant during the time propagation. In the next phase its matrix representation in
the localized Gaussian basis functions is obtained as in Eq. 4.11, (box c, in Figure).
The active system is evolved (box d) using an effective time-dependent Kohn-Sham
matrix, which contains the usual implicit and explicit time-dependent terms, respec-
tively (J[ρI(t)]+VXC[ρI(t)]) and vext(t), plus the time-dependent embedding potential
(V emb[ρI(t), ρII]).

For the sake of completeness, the pseudo code needed to evolve the density using
the second-order midpoint Magnus propagator is reported in SI of Ref. 114 and relies
on the methodology illustrated in Section 2.2. We refer the interested readers to our
recent work on real-time propagation for further details37.

4.4 Results and Discussion

In the present section we report a series of results mainly devoted to assess the cor-
rectness of the uFDE-RT-TDDFT scheme. To the best of our knowledge, this im-
plementation is the first available for localized basis sets. Since our implementation
relies on the embedding strategies implemented in PyADF, it appears natural and ap-
propriate to choose as a useful reference the uncoupled FDE-TDDFT scheme, based
on the linear response75;115 and implemented in the ADF program package116.

4.4.1 Initial validation and numerical stability

Before going into the details of the numerical comparison between our implementation
and the FDE-TDDFT scheme based on the linear response (ADF-LR) formalism,
whether in combination with FDE (ADF-LR-FDE) or not, is important to first assess
the basis set dependence of the calculated excitation energies using the two different
approaches. This preliminary study is mandatory because Psi4Numpy (Gaussians)
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Table 4.1: Excitation energies (in eV) corresponding to the first five low-lying tran-
sitions of the isolated water molecule. Data obtained using TDDFT based on linear
response implemented in ADF (ADF-LR) and the our real-time TDDFT implemented
(Psi4-rt). The labels (D, T, Q) correspond to data obtained using the Gaussian-
type basis sets aug-cc-pVXZ (X = D,T,Q) and Slater-type basis sets AUG-X′ (X′ =
DZP,TZ2P,QZ4P) which are used in the Psi4-rt and ADF-LR codes, respectively (see
text for details).

Excitation energy (e.V)
Psi4-rt ADF-LR

D T Q D T Q
Root 1 6.215 6.227 6.224 6.161 6.189 6.287
Root 2 7.512 7.466 7.440 7.454 7.465 7.884
Root 3 8.363 8.352 8.344 8.309 8.288 8.427
Root 4 9.536 8.953 8.651 8.803 8.482 8.628
Root 5 9.644 9.572 9.306 8.945 8.845 10.022

and ADF (Slaters) employ different types of atom-centered basis functions. Due to
this difference, perfect numerical agreement between the two implementations can not
be expected, but it is important to quantify the variability of our target observables
(the excitation energies of a water molecule) with variations in the basis set.

In order to simulate the linear response regime within our Psi4-rt, the electronic
ground-state of a water molecule, calculated in absence of an external electric field,
was perturbed by an analytic δ-function pulse with a strength of κ = 1.0×10−5 a.u.
along the three directions, x, y, z. The induced dipole moment has been collected
for 9000 time steps with a length of 0.1 a.u. per time step, corresponding to 21.7
fs of simulation. This time dependent dipole moment is then Fourier transformed in
order to obtain the dipole strength function S(w), accordingly to Eq. 3.16 and the
transition energies. The Fourier transform of the induced dipole moment has been
carried out by means of Padé approximants17;117.

As shown in Table 4.1, convergence can be observed with both Psi4-rt and ADF-
LR, in particular for the first low-lying transitions. For some of the higher energy
transitions the convergence is less prominent, pointing to deficiencies in the smaller
basis sets. We mention that the results obtained using our Psi4-rt implementation
perfectly agree with those obtained using the TDDFT implementation based on lin-
ear response implemented in the NWChem code, which uses the same Gaussian type
basis set (see Table S1 in SI of Ref. 114). Thus, we conclude that most of the devi-
ations from the ADF-LR values can be ascribed to unavoidable basis set differences.
A qualitatively similar pattern of differences is to be expected when including the
environment effect within the FDE framework.

To assess differences in the presence of an environment, we next tested our uFDE-
RT-TDDFT results against ADF-LR-FDE ones. The target system is the water-
ammonia adduct, in which the water molecule is the active system that is bound to
an ammonia molecule, which plays the role of the embedding environment. In the
Psi4-RT-PyEmbed case we employed a contracted Gaussian aug-cc-pVXZ (X=D,T)
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Table 4.2: Excitation energies (in eV) corresponding to the first five low-lying transi-
tions of both the isolated and embedded calculations water molecule are reported.
In the embedded water molecule, an ammonia molecule is used as environment.
Data have been obtained using our new Psi4-RT-PyEmbed implementation and refer-
ence ADF-LR-FDE implementation with (a) aug-cc-pVDZ and AUG-DZP basis sets;
and (b) aug-cc-pVTZ and AUG-TZ2P basis sets (see text for details). The shift ∆
(Eiso. − Eemb) in the transition energies due to the embedding environment is also
reported.

Excitation energy (e.V)
Psi4-RT-PyEmbed ADF-LR-FDE

isolated emb. ∆ isolated emb. ∆
(a) double-zeta calculations

Root 1 6.215 5.817 0.398 6.161 5.687 0.474
Root 2 7.512 6.694 0.818 7.454 6.578 0.876
Root 3 8.363 7.892 0.470 8.309 7.782 0.527
Root 4 9.536 8.768 0.768 8.803 8.336 0.467
Root 5 9.644 9.186 0.458 8.945 8.422 0.523

(a) triple-zeta calculations
Root 1 6.227 5.796 0.430 6.189 5.689 0.500
Root 2 7.466 6.573 0.893 7.465 6.559 0.905
Root 3 8.352 7.848 0.503 8.288 7.734 0.554
Root 4 8.953 8.560 0.393 8.482 7.969 0.513
Root 5 9.572 8.625 0.948 8.845 8.318 0.527

basis set118;119 for the active system whereas the basis set used in PyADF for the cal-
culation of the environment frozen density (ammonia) and the embedding potential
is the AUG-X′ (X′=DZP,TZ2P) Slater-type set from the ADF library116. The ADF-
LR-FDE employs the AUG-X′ (X′=DZP,TZ2P) basis sets from the same library. For
the real-time propagation of the active system (water), in both the isolated and the
embedded case the BLYP120;121 exchange-correlation functional is used, while the
Thomas-Fermi and LDA functionals122;123 have been employed for the non-additive
kinetic and non-additive exchange-correlation potentential, respectively. The numer-
ical results are reported in Table 4.2. Although, as expected, there is no quantitative
agreement on the absolute value of the transitions, the shift ∆ (Eiso. − Eemb) shows
an acceptable agreement for the lowest transitions.

From these results, we conclude that our implementation is both stable and nu-
merically correct, with differences between the methods explainable by the intrinsic
basis set differences.

4.4.2 The water in water test case

To provide a further test of our implementation, we also computed the absorption
spectra of a water molecule embedded in a water cluster of increasing size. The
geometries of the different water clusters are taken from Refs. 124;125 which corre-
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sponds to one snapshot taken from a MD simulation. Different cluster models were
taken in consideration, by progressive addition of surrounding water molecules (from
1 to 5 molecules) to the single active water molecule. For the active system water
molecule propagation in Psi4-RT-PyEmbed we use the aug-cc-pVDZ basis set while
for the environment, computed using the ADF code, we use the AUG-DZP basis set.
In both cases we use the BLYP120;121 exchange-correlation functional while for the
non-additive kinetic and non-additive exchange-correlation terms in the generation of
the embedding potential the Thomas-Fermi and LDA functionals are used, respec-
tively. In each case, we use 9000 time steps of propagation which corresponds to a
simulation of ≈ 22 fs (time step of 0.1 a.u.). The corresponding dipole strength func-
tions (Sz(w) = 2w/(3π)Im[αzz(w)]) along the z-direction are reported in Figure 4.3.
Upon the increase of the cluster dimension, the lowest-lying transition shifts within
a range of about 1 eV, which is consistent with the results for liquid water.126 It is
worth noting that, for this specific transition, many-body excitonic effects (included
via the full coupled FDE-RT-TDDFT scheme by Pavanello et al.70) are negligible for
the energy but are found to be very important to reproduce its spectral intensity.126

These results give confidence in the numerical stability of the propagation when the
number of molecules in the environment is increased. The systematic increase of the
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size of the environment makes it possible to also consider the actual computational
scaling of the Psi4-RT-PyEmbed code for this case. To show this scaling, we carried
out a single time step of the real-time propagation and broke down the computational
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Table 4.3: Time usage in seconds. a : Density on grid (through MOs). b : XCFun
(non-additive potential calculation). c : Vemb projection onto the basis set d : Total
time for Vemb evaluation. e : Total time for a rt-iteration

ta tb tc td te

1 0.007 0.29 0.48 0.77 1.75
2 0.01 0.45 0.74 1.20 2.17
3 0.014 0.61 1.0 1.62 2.58
4 0.015 0.74 1.2 1.96 2.89
5 0.02 0.87 1.42 2.32 3.25

cost into those of the different steps in the work-flow, as reported in Figure 4.1.
In Table 4.3, and in Figure 4.2, we report how the time for the embedding potential

calculation is distributed over the different tasks, when the number of surrounding
water molecules increases from one to five. It is interesting to note that the time
needed to evaluate the embedding potential increases almost linearly, for the limited
number of water molecules considered here. The standard real-time iteration time
(corresponding to the isolated water molecule) takes less than 1 sec and shows up as
a fixed cost in the increasing computation time, while the time spent in the embed-
ding part is dominated by the evaluation of the matrix representation for the active
subsystem, e.g step c) of Figure 4.1 (see for instance tc column of Table 4.3). The time
spent in this evaluation depends on the number of numerical integration points used
to represent the potential, and can be reduced by using special grids for embedding
purposes once the environment is large enough.

4.4.3 The acetone in water test case

As a further test of the numerical stability of accuracy of the method, we investigated
the n → π∗ transition in the acetone molecule, both isolated and using an explicit
water cluster to model solvation. The acetone n → π∗ transition has received par-
ticular attention since long ago,127 and several authors have studied this transition,
including solvent effets by means of QM/MM type of schemes128–130, polarizable con-
tinuum models131 and the FDE apprach.132 In order to assess the shift due to the
embedding potential, we calculate the absorption spectrum of the isolated molecule
at the same geometry it has in the cluster model. The geometry for the solvated
acetone system was taken from Ref. 91, corresponding to one snapshot from a MD
simulation, where the acetone is surrounded by an environment consisting of 56 water
molecules. The uFDE-RT-TDDFT calculation has been obtained specifying in our
Psi4-RT-PyEmbed framework all the computational details. In particular, the frozen
density of the environment is obtained from a ground state calculation using ADF
in combination with the PBE functional and DZP basis set, while for the acetone
we employ the BLYP functional and the Gaussian def2-svp basis set using the Psi4-
rt code. The non-additive kinetic and exchange-correlation terms of the embedding
potential are calculated using the Thomas-Fermi and LDA functionals respectively.
For the isolated acetone the n → π∗ transition is found at 3.73 eV whereas for the
embedded molecule is located at 3.96 eV. The full absorption spectrum is reported in
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Figure 4.4.
It is worth noting that, due to its low intensity, this transition is particularly

challenging for a real-time propagation framework. To obtain a spectrum up to 11
eV, we carried out a simulation consisting of 20000 time steps and lasting 2000 a.u
(48 fs). This relatively long simulation time demonstrates the numerical stability of
the approach and its implementation.

As an overall check of our implementation we compare the shift of the n→ π∗ tran-
sition observed between isolated and embedded in a water cluster acetone obtained
using both our Psi4-RT-PyEmbed and the ADF-LR-FDE methods. The active sys-
tem response was calculated at BLYP level of theory, while Thomas-Fermi and LDA
functionals were employed for the non-additive kinetic and exchange-correlation terms
respectively of the embedding potential in the ADF-LR-FDE calculation. As one can
observe by looking at the values reported in Table 4.4, we obtain a good agreement
in the absolute values, both isolated and embedded acetone, and the computed shift
is likewise in rather good agreement.

iso./eV emb./eV ∆E/eV
Psi4-RT-PyEmbed 3.734 3.958 0.225
ADF-LR-FDE 3.793 3.975 0.182

Table 4.4: Isolated and embedded in a water cluster acetone n → π∗ transition,
reported for both ADF-LR-FDE and our Psi4-RT-PyEmbed code.

4.4.4 FDE-RT-TDDFT in the non-linear regime

A specificity in the real-time approach is that the evolution of the electron density can
be driven by an real-valued electric field whose shape can be explicitly modulated.
Realistic laser fields can be modeled by a sine function of ω0 frequency using any
physically meaningful enveloping function. Using an explicit external field is a key
tool in optical control theory, furthermore it is possible, employing high intensity
field, to study phenomena beyond linear-response, i.e hyperpolarizability coefficients
and high harmonic generation in molecules. The latter point will be detailed in the
following section.

In this section we demonstrate that the uFDE-RT-TDDFT scheme gives stable
numerical results not only in the perturbative regime, as shown above, but also in the
presence of intense fields. Physically meaningful laser fields are adequately represented
by sinusoidal pulse of the form E(t) = f(t) sin(ω0t) where ω0 is the carrier frequency.
In this Thesis we employ, a cos2 shape for the envelope function133:

f(t) = E0 cos2
( π

2σ
(τ − t)

)
for |t− τ | ≤ τ
0 elsewhere

where τ is the width of the field envelope. We have calculated the response of
H2O embedded in a water cluster model made of five water molecules (all the details
about the geometry have been reported in the previous section) to a cos2-shaped laser
field with carrier frequency ω0 = 1.55 eV (analogously to a Ti:Sapphire laser), and
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intensity I = 1.02 × 1014Wcm−2 (which corresponds to a field E = 0.054 au) and a
duration of 20 optical cycles. Each cycle lasts 2π/ω0, and the overall pulse spans over
2250.0 au (i.e. 54 fs). The field has been chosen along the molecular symmetry axis
(z) and the 6-311++G** basis set and B3LYP functional were used. The propagation
was carried out for a total time of 3500 a.u without any numerical instabilities.
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Figure 4.5: Induced dipole moment in H2O molecule. The representation of the
external field is also reported as a red line.

As shown in Figure 4.5, the induced dipole does not follow the applied field adia-
batically when a strong field is applied, especially in the few last optical cycles, strong
diabatic effects are clearly present. These effects lead to the presence of a residual
dipole oscillation. Following a previous work on high harmonic generation (HHG) in
H2 molecule,133 we extract the high-order harmonic intensities via the Fourier trans-
form of the laser-driven induced dipole moment (neglecting the remaining part, i.e
for t larger than τ , i.e 2250 au in the present simulation) as

P (ω) ∝
∣∣∣∣∣
∫ t2

t1

µz(t) exp(−iωt)dt
∣∣∣∣∣
2

(4.12)

In Figure 4.6 we report the base-10 logarithm of the spectral intensity for the em-
bedded water molecule and we compare it to the HHG of the isolated water calculated
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that has the same geometry it has in the cluster model. In the case of the isolated
water molecule we are able to observe relatively well defined peaks up to the 21th
harmonics. We mention that this finding qualitatively agrees with data obtained by
Sun et al.20 (see Figure 3 of Ref. 20).

An important parameter in the analysis of the HHG spectrum is the value of the
energy cutoff (Ecutoff ), which is related with the maximum number of high harmon-
ics (Nmax ≈ Ecutoff/ω0). In a semiclassical formulation134, which, among others
assumes that only a single electron is active for HHG, Ecutoff ≈ Ip + 3.17Up, where

Ip is the ionization potential of the system and Up (Up = E2

4ω2
0
) is the ponderomotive

energy in the laser field of strength E and frequency ω0
134. In the case of molecular

systems, the HHG spectra present more complex features and the above formula it is
not strictly valid.

With the laser parameters used here (E = 0.054 a.u, ω0 = 0.05696 a.u.) and
the experimental ionization potential of H2O (Ip = 0.4637 a.u.), the above formula
predicts a Ecutoff value of 1.17601 a.u. (Nmax at about the 21th harmonic), which
is remarkably consistent with HHG spectra we observed here.

For the water molecule embedded in the cluster the same boundary can be ap-
proximately found corresponding to the 16th harmonic. The peaks at higher energies
have a very small intensity and are much less resolved above the 16th harmonic. The
flattening of the HHG intensity pattern is therefore solely due the introduction of the
embedding potential of the surrounding cluster. The latter is consistent with a shift
towards lower ionization energy passing from free water molecule to a small water
cluster observed experimentally135.



4.4. RESULTS AND DISCUSSION 141

4.4.5 Computational constraints

Before concluding this Chapter it may be interesting to put forward some assessments
in terms of time statistics, to be used as a basis for optimizing the computation time
and speed-up any uFDE-RT-TDDFT calculations. We are using a water-ammonia
complex as a general test-case, where the geometry of the adduct has been taken from
Ref. 136 and the water is the active subsystem.

In the real-time framework the embedding potential is, evidently, an implicit time-
dependent quantity. Since in the uncoupled FDE framework the density of the en-
vironment is kept frozen, the embedding potential depends on time only through
the relatively small contributions given by the exchange-correlation and kinetic non-
additive terms, which in turn it depends on time only through the density of the
active subsystem. The electrostatic potential, due to the frozen electron density and
nuclear charges of the environment, is the leading term in the overall potential. Thus,
it may be reasonable to choose a longer time step for the update of the embedding
potential, which is weakly varying in time.

Table 4.5: Time in seconds as a function of the number n of time steps between
consecutive updates of the embedding potential. f : time for Vemb evaluation. g :
Total time for Vemb evaluation in the propagation. h : Total time needed for 100
real-time iterations

tf tg th n
0.87 - 94.84 inf (static)
0.87 2.59 97.52 30
0.85 4.32 99.26 20
0.86 8.56 103.31 10
0.86 85.67 180.97 1

In order to investigate such a possible speed-up, we carried out different simula-
tions in which the time interval of the embedding potential updating is progressively
increased. The results are reported in Table 4.5. Of course, as the number of time
steps between consecutive updates is increased (i.e. the embedding potential is up-
dated less often), the total time needed to perform the full simulation goes down, as
the time spent in computing the embedding potential decreases. The update rate of
the embedding potential during the propagation affects to some extent the position
of the peaks in the absorption spectrum. As can be seen in Figure 4.7 the differ-
ent traces corresponding to dipole strength functions calculated with different update
rates, do not differ significantly and tend to coalesce as the number of time steps
between consecutive updates decreases below 30 time steps.
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Table 4.6: Time usage in seconds. a : Density on grid (through MOs). b : XCFun
(non-additive potential calculation). c : Vemb projection onto the basis set d : Total
time for Vemb evaluation.

ta tb tc td

0.01 0.33 0.53 0.87

In particular, in the case of the lowest-energy transition, the energy shift correspond-
ing to a quite long update period (roughly 300 time steps) is of the order of 0.02
eV.

We also reported the partition between different tasks of the time needed for the
calculation of the embedding potential in Table 4.6. As seen before, the calculation of
the embedding potential is largely dominated by the projection to the basis set of the
embedding potential from the numerical-grid representation. Therefore, some prelim-
inary tests in reducing the number of grid points were carried out, and the results
are presented in Figure 4.8. It can be seen that there is no significant modification in
the peak positions due to the use of a coarser integration grid: the overall spectrum
is essentially stable and no artifacts are introduced.

We furthermore note the possibility to use small grid localized solely on the active
system by utilizing the fact that the embedding potential is projected on the localized
basis set functions of the active system (see Eq. 4.11), which makes it possible to
neglect points on which these functions have a small value.
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4.5 Conclusions and perspectives

In this Chapter we have focused on the implementation of the Frozen Density Embed-
ding scheme in the real-time TDDFT. We have integrated the Psi4Numpy real-time
module we recently developed within the PyADF framework. We have devised a
real-time FDE scheme in which the active density is evolved under the presence of
the embedding potential. This implementation relies on a multiscale approach, since
the embedding potential is calculated by means of PyADF, while the propagation is
carried out by Psi4Numpy. We tested the implementation on a simple water cluster
showing that the time needed for the propagation scales linearly with the cluster size.
We studied many low-lying transitions in the case of a water molecule embedded in
ammonia, and we showed that the shift of excitation energies with respect to the
isolated water molecule is in good agreement with the results obtained using linear
response FDE TDDFT implemented in ADF. Finally, we tackled a challenging case
for RT-TDDFT, by computing the lowest-energy transition of acetone, which fea-
tures an extremely low intensity. The corresponding signal can be identified in the
computed spectrum, and we evaluated the solvatochromic shift due to the presence
of a surrounding water cluster. We obtained a frequency shift of 0.225 eV, close to
the reference value, 0.182 eV, from LR-FDE TDDFT as implemented in ADF. The
scheme we developed has proven to be reliable also in the case of propagation in the
non-linear regime. As a demonstration, we perturbed with a strong electric field a
water molecule surrounded by five water molecules acting as frozen environment. Nu-
merically stable induced dipole moment and corresponding emission spectrum were
obtained.

Finally, we like to state that the present work provides an excellent framework
for future developments. It is for instance possible and desirable to optimize the
embedding potential construction. In our implementation (i.e. Psi4-RT-PyEmbed)
the projection onto the basis set of the embedding potential from the numerical grid
representation dominates the computational burden. The change of the embedding
potential matrix in time, (i.e the difference at two consecutive time steps) depends on
the relatively small contributions given by the exchange-correlation and kinetic non-
additive terms. Significant improvement could be achieved by exploiting the sparsity
of the matrix corresponding to that difference. Moreover, the use of smaller integra-
tion grid would probably further improve the procedure. Last but not least, the effect
of relaxation of the environment has to be investigated. In our uncoupled FDE-RT-
TDDFT scheme we are able to study local transitions within a given subsystem, and
particularly those of the active system under the influence of the embedding potential
due to the frozen environment. Thus we neglect transitions involving the environment
and those due to the couplings of the subsystems. Relaxing the environment can be
crucial both in the linear-response framework, in order to recover supramolecular ex-
citations, and in the non-linear regime where a polarizable environment could heavily
affect the hyperpolarizabilities of the target system. The limit of the uncoupled FDE
scheme can be overcome by carrying out a simultaneous propagation of subsystems70

and the computational framework developed in this Chapter represents an important
step in that direction.
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Chapter 5

Characterizing the nature of
electronic transitions within
the real-time TDDFT

5.1 Introduction

The last decade has seen a growing interest in light-harvesting materials, prompted by
the search for green and clean energy sources. A vast majority of these newly designed
devices exploit molecular absorbing species to harvest light. Indeed light absorption
prompts the system from its ground state to an excited state. In this respect, a
deep understanding of the electron dynamics in atoms and molecules is necessary in
the modeling of their response to an applied external electro-magnetic field. Experi-
mentally the research has been extremely facilitated by the recent progress in strong
laser physics and attosecond spectroscopy1;2, which can directly probe excited state
dynamics.

From the theoretical point of view, an excited state is characterized by its tran-
sition dipole moment and the corresponding transition density. The former gives
the information about the probability of exciting the system from its ground state
depending on the specific polarization of the incoming light, while the transition den-
sity is the object that connects the ground and the excited state and can be used to
characterize the main spectral features. It can, in principle, be reconstructed from
sufficiently detailed experimental information, i.e., angular resolved absorption cross
sections for molecules fixed in space3. Moreover, the fundamental interest in obtaining
the transition densities associated to electronic excitations is that they are involved
in the coupling strength between chromophores which is an observable of key interest
for rationalizing the basic mechanism of energy transfer processes in these systems. In
well-known the Föster dipole-dipole coupling approximation4, the transition dipole of
the donor and of the acceptor are needed. Analogously, transition densities of donor
and acceptor appear in the full Coulomb coupling matrix element4;5.

From the computational point of view transition densities and transition dipole
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moments can be obtained addressing the eigenvalue problem either by solving the
Schrödinger equation using a multi-configurational ansatz6 or using equation-of-motion
coupled-cluster and linear-response coupled-cluster (EOM-CC/LR-CC) methods7 or
the single-particle Kohn-Sham equations in the time-dependent formalism of the den-
sity functional theory (TDDFT).8 In this Thesis we mainly focus on TDDFT formal-
ism.

TDDFT is customarily applied in two distinct approaches: transition-based lin-
ear response TDDFT (LR-TDDFT) and the real-time formalism (RT-TDDFT). The
former is often formulated in frequency domain which involves the Casida matrix
expressed in Kohn-Sham electron-hole (occupied-virtual) space. The transition ener-
gies, transition moments and transition densities are directly provided and one readily
obtains the decomposition of each excitation into occupied to virtual orbital contri-
bution. Then the analysis of these orbital transitions and their associate weighting
factors is used to elucidate the nature of the excitation. The calculation is commonly
performed by diagonalization of the Casida matrix which includes a large number of
empty electron states and makes it computationally demanding for large systems.

By contrast the real-time formalism (RT-TDDFT) relies on the evolution the
time-dependent electron density, which is determined by the solely time-dependent
occupied Kohn-Sham orbitals. This clearly circumvents the need of calculating the
virtual states. A drawback of real-time procedure is that excitation energies and
transition probabilities are typically obtained from the spectral decomposition of the
induced dipole moment. This usually requires long time propagations to get well-
resolved spectra. As we shall see later on, a number of strategies to address these
issues have been recently presented in the literature. Among others, we mention the
Padé analysis and fitting techniques9. Although the reliability of RT-TDDFT spectra
is widely accepted, a fundamental aspect arises: the information about the nature of
individual spectral feature is not automatically gained, being of course hidden in
the time dependent induced electron density. In this Chapter we aim to define the
relevant quantities that can be extracted in the RT-TDDFT, also in comparison with
the Casida approach, namely excitation energies, transition moment and transition
densities. We will critically review the computational strategies proposed in the recent
literature to characterize the nature of the electronic transitions in the framework of
RT-TDDFT.
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5.1.1 Transition energies, transition densities and dipole tran-
sition moments in LR-TDDFT

The general linear response theory has been outlined in Chapter 1, where we derived
the expression for the generalized susceptibility. We recall that the general suscepti-
bility

χij,kl(ω) =
∑
n 6=0

{
〈Ψ0|â†j âi|Ψn〉〈Ψn|â†l âk|Ψ0〉

ω − (En − E0) + iη
−
〈Ψ0|â†l âk|Ψn〉〈Ψn|â†j âi|Ψ0〉

ω + (En − E0) + iη

}
(5.1)

contains all the information about transition energies and transition probability. Anal-
ogous sum-over-state expressions can be also derived for particular response proper-
ties.10

In the above expression 〈Ψ0|â†j âi|Ψn〉 is the one-particle transition density matrix
between the ground (Ψ0) and excited state (Ψn),

Dn0
kl = 〈Ψn|â†l âk|Ψ0〉. (5.2)

The transition density matrix is defined as

ρn0(r′, r) =
∑
k,l

Dn0
kl φ
∗
l (r
′)φk(r) (5.3)

and its diagonal term is the transition density, simply referred as ρn0

ρn0(r) =
∑
k,l

Dn0
kl φ
∗
l (r)φk(r). (5.4)

The latter is related to observable properties and is the central quantity in this context
since it can be used to define the transition dipole

µn0 = −
∫
rρn0(r)d3r. (5.5)

From the transition dipole moments depend the dynamic dipole polarizability and
thus the photoabsorption spectrum.

As an example we consider the (z, x)-component, which can be defined as the
response of x-component of the dipole to the perturbation

vext = −ẑEz(t) (5.6)

Expanding the x-component of the dipole moment to the first order in the field Ez(t)

µx(t) = µ0
x +

∫ ∞
−∞

αzx(t− t′)Ez(t′) + . . . (5.7)

where µ0
x is the permanent dipole moment. The Fourier transform of αxz(t) is obtained

from the convolution theorem as

αxz(ω) =
δµx(ω)

Ez(ω)
(5.8)
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where δµx(ω) is the linear response of the dipole moment and according to the general
expression we have reported in Chapter 1 (Eq. 1.98) is given by:

δµx(ω) = −
∑
i,j

xji
∑
k,l

χij,klzlkEz(ω) (5.9)

where xji and zlk are the matrix elements 〈φj |x̂|φi〉 and 〈φl|ẑ|φk〉, respectively. Sub-
stituting the previous expression in Eq 5.8 we get

αxz(ω) = −
∑
i,j

xji
∑
k,l

χij,klzlk (5.10)

Using the definition of one-particle transition density matrix (Eq. 5.2) in the definition
of the generalized susceptibility (Eq. 5.1) and substituting in the previous relation we
obtain

αxz(ω) = −
(∑

n

∑
i,j

∑
k,l

D0n
ij D

n0
kl xjizlk

ω − ωn + iη
−
D0n
kl D

n0
ij xjizlk

ω + ωn + iη

)
(5.11)

where we can explicitly see the dependency on the transition dipole moments

αxz(ω) = −
∑
n

µ0n
x µ

n0
z

ω − ωn + iη
+

µ0n
z µ

n0
x

ω + ωn + iη
(5.12)

The tensorial nature of the dynamic polarizability is evident but it may be interesting
to the define an associate scalar quantity, namely the mean dynamic polarizability
defined as the trace of α(ω). This quantity is invariant respect to the molecular orien-
tation. The diagonal elements of the tensor, depend on the module of the transition
dipole moments (we recall that µ0n

i = µn0∗
i , with i = x, y, z)

αii(ω) =
∑
n

|µ0n
i |2

−ω + ωn − iη
+

|µ0n
i |2

ω + ωn + iη
(5.13)

upon recalling the identity, for ε infinitesimal

1

x± iε = P.V.
1

x
∓ iπδ(x) (5.14)

where P.V. denotes the Cauchy principal value, we have that

αii(ω) = |µ0n
i |2

( 1

−ω + ωn
+

1

ω + ωn

)
+ (5.15)

+ iπ|µ0n
i |2[δ(−ω + ωn)− δ(ω + ωn)]

= |µ0n
i |2

2ωn
ω2
n − ω2

+ iπ|µ0n
i |2[δ(−ω + ωn)− δ(ω + ωn)]. (5.16)

In the above expression it is clear that the polarizability has both real and imag-
inary part. The real part corresponds to the dispersion while the imaginary part
is related with the absorption or emission of light. The real part is related to the
expression of the dynamic polarizability obtained by the sum-over-states theorem of
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optical physics.11 Thus, the real part of the isotropic contribution to the dynamic
polarizability tensor ᾱ(ω) can be defined as

ᾱ(ω) = Re(
1

3
Trα(ω)) =

∑
n

fn
ω2
n − ω2

(5.17)

where the spectroscopic oscillator strengths fn

fn =
2

3
ωn(|µ0n

x |2 + |µ0n
y |2 + |µ0n

z |2) (5.18)

are the residues of the mean polarizability. Since in Eq. 5.18 the transition moment
between the ground and excited state (µ0n) is involved, in principle the assignment
of fn to the state Ψn is straightforward.

The assignment and the characterization of the excited state is an important
aspect of LR-TDDFT. Now we will use the non-Hermitian eigenvalue equation of
Chapter 1 (see Section 1.4), as starting point in reviewing the key quantities that
can be devised in LR-TDDFT to characterize excited states. We recall that the
aforementioned eigenvalue problem involves the matrices A and B defined as

Aia,jb =δijδab(εa − εi) +Kia,jb

Bia,jb = Kia,jb (5.19)

where εp are the orbital energies and Kia,jb in linear response TDDFT is referred as
the coupling term defined as:

Kia,jb = (ia|jb) + (ia|fxc|jb) (5.20)

where the Mulliken convention has been taken for the integrals. It is worth mentioning
that in TD-HF the coupling term is real if real orbitals are employed, but even in this
case,

Kij,kl 6= Kij,lk (5.21)

showing a lower symmetry than in TDDFT,10 where for real orbitals it holds that

Kij,kl = Kij,lk = Kji,lk = Kji,kl. (5.22)

Under these conditions the non-Hermitian eigenvalue equation reads as(
A B

B∗ A∗

)(
X

Y

)
= ω

(
1 0

0 −1

)(
X

Y

)
(5.23)

where the vector (X,Y )T , (also termed CI-vector) assumes the role of eigenvector
in the associated generalized eigenvalue problem. The electron-hole and hole-electron
components of the excitation are thus described byX and Y vectors respectively12;13.
The term “vectors” is used in the sense that the elements of the CI-vector are identified
using a compound label. The role of the CI-vector becomes readily clear defining the
transition density corresponding to a specific transition (e.g 0→ n):

ρ0n(r) =
∑
ia

(X0n
ia + Y 0n

ia )ϕi(r)∗ϕa(r) (5.24)
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The transition density is the central quantity since is used to define the transition
dipole

µ0n = −
∫
rρ0n(r)d3r (5.25)

The transition dipole is directly related to the oscillator strength associated to the
transition:

f0n =
2

3
ω0n|µ0n|2 (5.26)

A decomposition of each excitation into occupied and unoccupied molecular or-
bitals is readily available. Thus in LR-TDDFT the quantities characterizing the given
transition are the oscillator strength, the associated frequency ω and the orbitals.
While the first two are self-explanatory, the analysis of the occupied-unoccupied pair
contribution provides usually a very intuitive picture, although in some case a plu-
rality of occupied-virtual pairs can contribute to the given excitation, making the
interpretation not trivial. Indeed as we mentioned X and Y vectors are labeled by a
compound index (ai) which makes possible to identify the relevant virtual-occupied
orbital pair. It is worth mentioning that the density of the excited state is also
available using to LR-TDDFT gradients14;15.

5.1.2 Transition energies, transition densities and dipole tran-
sition moments in real-time TDDFT.

In RT-TDDFT we record the time evolution of the density ρ(r, t) and evaluate the
transition density for the frequencies ωi that are associated with particular excitations:

ρ(r, ωi) ∝ −Im{δρ̃(r, ωi)}, (5.27)

where δρ̃(r, ωi) is the Fourier Transform of the TD induced density δρ(r, t) = ρ(r, t)−
ρ(r, 0). Thus the evaluation of the time-dependent density is the fundamental pre-
requisite. We recall that in the algebraic approximation the matrix D(t) associated
to a time-dependent density evolving in time is governed by

D(t) = U(t, t0)D(t0)U(t, t0)† (5.28)

where U(t, t0) is the matrix representing the time time evolution operator. Using a
discrete-time representation of Eq. 5.28, the density matrix associated to each point
of the time grid is evaluated and thus the time-varying dipole moment is collected.

We have already addressed the fact that in linear response once the oscillator
strengths and excitation frequencies are available (after solving the generalized eigen-
value problem), the mean dynamic polarizability can be defined. It is easy to see that
in the real-time methodology the route proceeds exactly in the other way around. In
fact the components of time dependent (induced) dipole moment are given as

µji (t) = Tr[PiDj(t)]− µ0
i (5.29)

where Pi is the matrix representing the i-component of the dipole moment operator
while Dj(t) is the time-evolved density matrix resulting from a boost κδ(t)uj
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Then the spectral decomposition of the induced dipole moment yields the elements
of the dynamic polarizability tensor

αij(ω) =
δµji (ω)

κ
(5.30)

and finally the oscillator strength distribution is given as

S(ω) =
2ω

3π
Im(Tr[α(ω)]) (5.31)

The oscillator strengths are nothing but the heights of the peaks occurring in the
curve representing S(ω).

As we have already shown in Chapter 1, during the time propagation, the density
matrix represents a superposition of states. In particular if the system is perturbed
using a quasi-monochromatic near-resonance field (being the resonance frequency the
one corresponding to a specific transition), the density is driven into a superposition
of the ground state and the excited state (i.e a coherence). Thus the expectation
value of any operator Ô (other than the energy), oscillates even in absence of field.
This can be demonstrated noting that the wavefunction representing a superposition
of states is

ψ(ξ, t) =
∑
n

cn(t)ψn(ξ) (5.32)

where the coefficients cn(t) describe the dependence on time of the associated density:

|ψ(ξ, t)|2 =
∑
n,m

c∗n(t)cm(t)ψ∗n(ξ)ψm(ξ) (5.33)

The density oscillates in time even after that the near-resonant field has been turned
off, being now the Hamiltonian time-independent. Thus if the condition ∂Ĥ/∂t = 0
is met the equation for the time-varying mean value of the Ô operator reads:

d〈O〉
dt

= 〈ψ(t)| i
~

[Ĥ, Ô]|ψ(t)〉 (5.34)

and for any operator other than the energy [Ĥ, Ô] 6= 0, resulting in a free-field time-
varying mean value.

Even though the simplicity of the real-time scheme there is no straightforward
method to have a direct access and isolate the electronic density of the excited state.
However, analogously to LR, transition densities can be extracted from real-time
simulations.

5.2 Review of the available tools for characterizing
electronic transitions

The need of analyzing electronic excitations in the real-time domain is a vital step
towards understanding their nature. In this section some of the most relevant methods
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proposed in literature for the analysis of excited state are discussed. Depending
on the framework used to devise these methods, we can approximately distinguish
methods belonging to the real space framework from those based on the algebraic
approximation. As we shall see in the following, the methodologies developed in
the OCTOPUS program by Sinha-Roy and coworkers and in the BTTDFT program
by and Kümmel et al. are representative of the former group. Instead, the analysis
relying on the algebraic approximation was firstly presented by Repisky and coworkers
and implemented in the RESPECT program and later re-adapted and extended by
Bruner et al. in the NWCHEM program.

5.2.1 Method based on the orbital decomposition of dipole
transition densities

Similarly to LR approach, also within the real-time scheme a decomposition of the
excitation in terms of occupied-virtual molecular orbital (MO) pairs can be obtained.
We will describe the basic idea behind this approach that was proposed originally
by Repisky and coworkers16 and implemented in the relativistic code RESPECT.
The latter is based on a relativistic generalization of atomic localized Gaussian-type
functions. The scheme has been slightly reworked by Bruner et al.17 accelerating
the methodology applying the Padé approximants to the Fourier transform of the
deconvolution of the induced dipole into molecular orbital pairs. The method gives the
MO contribution to the dipole strength function at all frequency. The relative areas
under each peak correspond to MO contribution to an excitation at that frequency,
which gives a clear physical interpretation of each excitation that is consistent with
linear response. In the following the basic idea behind these approaches and will
describe them in detail, including typical applications to molecular systems. We
have seen that the dynamic polarizability is a tensor. Here if not stated otherwise, for
simplicity we consider only diagonal elements of the polarizability tensor, in particular
the αzz element, stated in other words it is equivalent to restrict our considerations
to the z-component of the induced dipole moment obtained perturbing the density
with a boost κδ(t)ẑ. All the quantities involved are represented in the unperturbed
molecular orbital basis set. Since the expectation value of the time-dependent dipole
moment operator is obtained taking the trace of the M(t) = D(t)P product:

µ(t) =
∑
i

Mii (5.35)

with D(t) is the time-evolved density matrix and P is the matrix representation of
the dipole moment. The diagonal elements of M(t), which constitute the trace, are:

M11 = D11P11 +D12P21 +D13P31 + . . . (5.36)

Mnn = Dn1P1n +Dn2P2n +Dn3P3n + . . . (5.37)

It is easy to note that all terms arising from occupied-occupied MO pairs (e.gD11P11)
sum up to the static part (µ0) of the dipole moment, while the occupied-virtual terms
(e.g D13P31) account for the time-varying part. Thus the time-dependent MO pair
dipole associated to i occupied and a virtual state is defined by:

µia(t) = Dia(t)Pai +Dai(t)Pia (5.38)
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and the corresponding amplitude in the frequency domain is obtained taking the
Fourier transform:

µia(ω) =

∫
µia(t)e−iωtdt (5.39)

As already mentioned above, this simple approach has been originally proposed
by Repisky et al.16 and it was employed to characterise the excitation in Tallium
and Gold Hydrides (TlH and AuH, respectively) in the context of four-component
relativistic RT-TDDFT study. The µia elements obtained at a specific frequency
(µia(ω0)) are used to analyse the contribution of individual occupied-virtual orbitals
pair and to carry out the dipole-weighted transition matrix analysis: the occupied
orbital index i is used to label the columns of the so-called dipole-weighted transition
matrix, whereas the virtual index a labels rows. A viable choice for constructing the
transition matrix goes as follows: the imaginary part of µia(ω0) has been calculated
for a limited number of occupied-virtual orbital pairs and each element (Im[µia(ω0)])
is divided for the value of the largest element. As an example of the typical picture
one can get, the dipole-weighted transition matrices obtained by Repisky et al.16 for
transitions A and B of TlH are reported on the right to the absorption spectrum of
TlH in Figure 5.1. The analysis clearly reveals that for the spectral feature A, the most
important contributions arise from frontier orbitals, namely transitions from orbitals
81,82 (HOMO) to orbitals 83,84 (LUMO). Additionally a transition contribution from
orbitals 81,82 to 87,88 is also present (light blue). The spectral feature A is easily
distinguished from the feature B, which mainly involves a transition from orbitals
81,82 (HOMO) to 84,85 (LUMO+1).

The methodology outlined above has been lately reworked by Bruner al.17 and
applied in the analysis of valence and X-ray absorption of a single gas-phase water
molecule. The frequency dependent amplitude µia(ω) can be directly used to define
a MO-dependent dipole strength function Sia(ω) so that the absorption spectrum is
decomposed in term of MO-pair contributions. This decomposition scheme has been
applied to the x-ray near edge absorption spectrum (XANES) of gas-phase water.
In the middle panel of Figure 5.2a the contribution of the z-polarization (αzz) to
the oxygen K-edge XANES is highlighted (light blue), while in the bottom panel the
same z-component of the spectrum is reconstructed as the sum of several MO-pair
contributions. Bruner et al. showed that this reconstruction is advantageous when
µia(t) are Fourier transformed via Padé approximant method. Padé approximant
reduces the simulation times by accelerating the convergence of the Fourier transform
of the time-dependent transition dipole moments. The key aspect here is that the
successful acceleration of a congested spectrum hinges on first decomposing into MO
pair dipoles is a result of the drastically sparser spectra of each MO pair signal, which
greatly facilitates convergence of the Padé approximants with signal time. Visually
the spectrum reconstruction in term of MO-pair yields the same information of the
dipole-weighted transition matrix analysis. One key observation is that Bruner et al.
also introduced a quantitative method to compute the MO contribution directly to a
given peak in the spectrum yielding a physical interpretation of the excitation. The
evaluation of transition coefficients is based on the percent dipole strength of each
MO pair (pia), that is the area under a single MO contribution Sint

ia (ω0), divided by
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Figure 5.1: Left: Calculated absorption spectrum of TlH using the four-component
(4c) relativistic RT-TDDFT approach presented by Repisky et al.16. (Right) The
2D plots depicting the “dipole-weighted transition matrices” of the first two spectral
features (A and B) are shown. The first line can be mostly attributed to the HOMO-
to-LUMO transition, whereas for the second line the HOMO-LUMO+1 pair contribu-
tion is dominant. Reprinted with permission from Ref 16. Copyright 2015 American
Chemical Society.

the area of the cumulative absorption peak:

pRT
ia =

|Sint
ia |1/2∑

i,a |Sint
ia |1/2

(5.40)

Sint
ia ≡

∫ ω+

ω−

Sia(ω)dω (5.41)

In the most common situation it is unlikely to have two close energy transitions for a
particular MO pair, so the area under the peak is calculated considering a frequency
range containing the frequency of interest. In the case of nearby peaks fitting Sia(ω)
to Lorentzians can be used to “resolve” the peaks. Interestingly the authors pointed
out that for a given frequency e.g ω0 different MO contribution Sia(ω0) may have
either positive or negative intensity, which arises from the relative phase between
the oscillations of their parent µia(t). This is a rather important point since using a
different set of orthonormal one-electron functions other than the canonical molecular
orbitals, would lead to different representation. An interesting point which is almost
unexplored in the real-time framework. However the total reconstructed spectrum
from the sum of these contributions is positive, at least in the case of absorption from
the ground state.

Bruner et al. presented the comparison between the LR coefficients and those
obtained in RT using in Eq. 6.3. In linear-response TDDFT the MO coefficients
(pLR
ia ), being usually presented as square normalized, tend to overemphasize large



5.2. REVIEW OF THE AVAILABLE TOOLS 169

(a) (b)

Figure 5.2: (Left) The total oxygen K-edge absorption spectrum of water (top) is
decomposed by light polarization (middle) and a selected polarization component (z)
is analyzed in terms of occupied → virtual molecular orbital transition dipole pairs
(bottom). Summing all transition dipole spectra for each polarization yields the
total dipole. (Right) MO-pair contributions from linear-response (LR) and real-time
(RT) calculations for selected valence and core excitation in water are compared and
represented for each specific transition as percentage bar diagram. Reprinted with
permission from Ref. 17. Copyright 2016 American Chemical Society.
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contributions. Thus pLR
ia are constructed taking the absolute value of the occupied-

virtual coefficients normalized by the sum of their absolute value:

pLR
ia =

|cia|∑
i,a |cia|

(5.42)

We recall that the cia coefficients are the elements of the eigenvector of linear response
matrix, associated with the specific transition (ω0), while in the RT framework, the
|Sint
ia |1/2 coefficients are related to the dipole contribution to the peak of interest in

the strength function. In Figure 5.2b we report the comparison between the LR and
RT contributions for the valence and oxygen K-edge XANES spectra for water, as
reported in Ref. 17. In the valence spectrum both LR and RT analysis show for
the three peaks considered (6.9, 11.5 and 12.4 eV) different percent contributions of
the involved MO-pairs, yielding a precise characterization of the spectral features. It
can be noted that in both the LR and RT analysis, the first valence peak (6.9 eV)
largely consists of HOMO → LUMO, while transition from HOMO → LUMO+2 and
LUMO+4 are involved to a lesser extent. Similar conclusions can be drawn in the
case of the XANES: the second peak (521 eV) is largely oxygen 1s → LUMO+1,
with smaller contributions from transitions to the LUMO+5 and LUMO+6. Finally
Bruner showed that the MO deconvolution method demonstrates good qualitative
agreement with the MO decomposition based on the linear response.

5.2.2 Methods based on the analysis and reconstruction of
transition density

The transition density gives the fingerprint of the transition and its visual inspection
or even a more quantitative analysis are very useful to characterize the electronic
transitions. As we shall see in the following, the transition density is obtained taking
the imaginary part of the Fourier transformation of the time-dependent density defor-
mation18;19. Despite this rather straightforward definition, its numerical evaluation
can be challenging for a number of reasons, as one can easily imagine. Indeed in prin-
ciple one should collect the densities, with a certain sampling frequency and finally
perform the Fourier transform. The resolution in the frequency space is dictated by
the total length of the propagation, which has to be finite and possibly kept short.
Thus, the development and the design of stable algorithms for obtaining accurate
transition densities is crucial. Among them the on-the-fly Fourier transformation and
the transition density approximation by means of ground state orbital product will
receive much attention in this Section. More advanced strategies will be also consid-
ered. First the reconstruction of electronic modes from δ-kick induced density, and
finally the method based on the refinement of the Fourier transform of the induced
electron density (δρ(r, t)) which explicitly consider the finite time of the propagation
and allows to extract transition densities even for less-intense excitations. All the
aforementioned methodologies have been presented in literature and implemented by
the respective authors in the framework of real-space electronic structure packages.
As we shall see in a moment we refer to the works of Sinha-Roy et al. employing the
real-space code OCTOPUS, and to the analysis based on RT-TDDFT simulations
using PARSEC and BTDFT in the works of Kümmel and Hofmann. In the next
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Figure 5.3: DMABN transition densities corresponding to the lowest excitations from
density propagation are assigned to their respective spectral features of the absorption
spectrum. Reprinted from Ref. 20, with permission of AIP Publishing.

Chapter we will describe the results of the implementation of the aforementioned
approaches with our RT-TDDFT based on Psi4NumPy (the Psi4-RT code) which is
based on algebraic approximation and localized Gaussian-type basis functions.

On-the-fly Fourier transformation of time dependent induced density

A relatively easy to implement RT evaluation tool that also allows to explore the
nature of the electronic excitations, was introduced by Hofmann et al.20 It is based
on the transition density, which is directly related to the TD density and thus well
defined in the framework of TDDFT. The simplest direct approach is to evaluate the
transition density at a preset frequency according to:

ρ(r, ω) ∝ −Im{δρ̃(r, ω)}, (5.43)

where δρ̃(r, ω) is the Fourier Transform of the TD induced density δρ(r, t) = ρ(r, t)−
ρ(r, 0).

The Fourier transform of the time-dependent induced density can be carried out
step by step, that is on the fly during RT propagation for preset frequencies. This
strategy has been tested by Hofmann and coworkers by evaluating the transition
densities corresponding to selected spectral feature in the adiabatic TD LDA power
spectrum of the 4-(N,N-dimethylammino)benzonitrile (DMABN). The DMABN ab-
sorption spectrum and the transition densities for the two lowest excitation,which are
at 3.93 eV and 4.2 eV are reported in Figure 5.3. One can easily acknowledge that
the characteristic topology of the transition densities allows to distinguish between
them.

In a different perspective a simple characterization of the transition density may
be obtained recalling that it can be expressed as a MO product according to:

ρ(r, ω) ∝
occ.∑
i

virt.∑
j

aωijϕi(r)ϕ∗j (r) (5.44)
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where the coefficients aωij for the ij pair at the ω frequency play the role of weighting
factors for the different pairs. Hofmann et al. suggested that a qualitatively correct
decomposition in the spirit of Eq. 5.44 can be obtained ignoring the weighting coef-
ficients and directly consider the MO product. Indeed inspecting the ground state
(GS) orbital product reported in Figure 5.4 one may visually recognize that the tran-
sition density corresponding to excitation at 3.93 eV qualitatively resembles to the
HOMO-LUMO+1 product, while the excitation at 4.21 eV is of HOMO-LUMO type.
Then the authors draw some general consideration: firstly, the agreement between RT
transition densities and the corresponding reconstructed densities (obtained as orbital
product) is usually not perfect, and this is particularly true in the case of 3.93 eV
excitation. Indeed contamination of close peaks may occur, this aspect being related
to the resolution of the Fourier transform. Moreover the transition has not neces-
sarily a pure “one occupied to one unoccupied orbital” character. However, despite
these difficulties the analysis based on GS orbital products allows to unambiguously
distinguish between the two excitations.

Figure 5.4: The orbitals products obtained from LDA ground state orbitals of the
DMABN molecule are reported along with their parent orbitals. Reprinted from Ref.
20, with permission of AIP Publishing.

In an attempt to allow for an objective transition density comparison that goes
beyond visual inspection Hofmann et al.20 introduced quantitative criteria in order
to compare transition densities.

The first quantity is κ1 being defined as:

κ1 =

∫
d3rρ(r, ω1)ρ(r, ω2)∫
d3r|ρ(r, w1)ρ(r, ω2)| . (5.45)

Within this definition, κ1 acts as “descriptor” for the spatial pattern of the cor-
responding transition densities and it is not sensitive to proportionality factors of
Eqs. 5.43 and 5.44. It varies between −1 < κ1 < 1 and takes its maximum value
κ1 = 1 only if the spatial structure of the transition densities ρ(r, w1) and ρ(r, w2) is
equal.

The second descriptor the authors introduced reads as:

κ2 =

∫
d3r|ρ(r, ω1)ρ(r, ω2)| (5.46)

which measures the absolute overlap of the transition densities. Being the overlap a
pair-property, κ2 is useful to make comparison between one fixed transition density
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ρω1
ρω2

κ1 κ2(×10−5)
TD 3.93 eV GS H-L+1 0.91044 0.5582
TD 4.21 eV GS H-L 0.92061 4.6795
TD 3.93 eV GS H-L 0.57421 0.4739
TD 4.21 eV GS H-L+1 -0.03861 1.4217
GS H-L GS H-L+1 -0.01571 0.1601
TD 3.93 eV TD 4.21 eV 0.59535 3.6365

Table 5.1: Transition densities for DMABN molecule excitation are compared using
the criteria κ1 of Eq. 6.10 and κ2 of Eq. 6.11. Labels TD followed by and excitation
energy denote transition densities obtained from RT propagation (Eq. 5.43), whereas
the label GS followed by letters H (i.e HOMO),L (i.e LUMO), etc., denote transition
density calculated as a ground state (GS) orbital product. Reprinted from Ref. 20,
with permission of AIP Publishing.

and several others that have all been calculated by the same method: i.e one may want
to test which of several TD transition densities (obtained using the same excitation
process) is closest to a certain GS orbital product. Thus κ1 and κ2 parameters can be
used to determine whatever a certain transition density is close to a second transition
density at a different frequency, or to a specific ground state orbital product.

As an example to elucidate the usefulness of these criteria we report in Table 5.1
the list of κ1 and κ2 values calculated by Hofmann et al. using TD transition densities
and GS orbital products. A value for κ1 close to 1 confirms that the TD transition
densities at 3.93 and 4.21 eV correspond to the HOMO-LUMO+1 and HOMO-LUMO
orbital product respectively. Nevertheless comparing the TD transition densities at
3.93 eV and 4.21 eV the value of κ1 (0.6) seems to detect some similarity between
them, as confirmed by the analogous value of κ1 in the third row of the Table 5.1.

The κ2 criterion yields coherent results with respect to the analysis based on κ1

when comparing the GS HOMO-LUMO product to the TD transition densities, but
fails when comparing the GS HOMO-LUMO+1 with the TD transition densities.
The most evident signal of this failure is that the GS HOMO-LUMO+1 has a greater
spatial overlap with the TD transition density at 4.21 eV than with the one at 3.93
eV. However, in cases of excitations with similar spectral features and κ1 values, κ2

can help to clarify such complicated situation.
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Electronic mode reconstruction by Fourier transform from δ-kick boost

As we already mentioned, in RT-TDDFT it is customary to extract excitation energies
and transition probabilities from the spectral analysis of the time-dependent dipole
moment: these quantities are considered the direct outcome of a real-time calcula-
tion. Nevertheless the oscillator strength distribution does not completely elucidate
the nature of the electronic excitations. Thus the information about the nature of
individual spectral feature is not automatically obtained, although is contained in the
time-dependent induced density. The most straightforward method to analyze the in-
duced density is to calculate its Fourier components. Previous authors (Hofmann and
Kümmel20) pointed out that the Fourier-transform evaluation of transition density
may be affected by the finite resolution dictated by the finite time of the propaga-
tion. Sinha-Roy et al. proved the technical feasibility of the Fourier-transform based
method showing that transition densities can be efficiently extracted from a single
δ-kick time evolution calculation even in complex system like noble metals.21 Their
strategy is based on cosine and sine Fourier transforms of the induced density, imple-
mented in the framework of the real-space code OCTOPUS22, as we shall see in the
following.

The optical response of a finite system under the dipole approximation can be
evaluated perturbing its ground state at t = 0+ by a boost (i.e δ-kick), which assumes
the form of an exponential operator16;17;23;24 acting on the ground state |0〉:

|ψ(t = 0+)〉 = eiku·r̂|0〉 (5.47)

where k and u are the boost strength (intensity of the external electric field) and
a unit vector determining the boost direction respectively. Analogously to the case
of the two-level system perturbed by a δ-kick, for t > 0+, the Hamiltonian is time
independent and the time-dependent state ket can be expressed in term of the |j〉
eigenkets:

|ψ(t)〉 =

∞∑
j=0

cj |j〉e−iωjt (5.48)

where |j〉 can be chosen real-valued with corresponding ωj eigenvalue and the time-
independent coefficient cj read as:

cj = 〈j|eiku·r̂|0〉 (5.49)

From the time-dependent wave-function, the density can be defined as the expectation
value of the density operator ρ̂

ρ(r, t) = 〈ψ(t)|ρ̂|ψ(t)〉

=

∞∑
j,l=0

c∗l cje
−iωlj 〈l|ρ̂|j〉 (5.50)

where ωlj = ωj − ωl. We assume the boost excitation to be weak (i.e in the linear-
response regime), so that the expression can be simplified expanding eiku·r̂ into a
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Taylor series and neglecting nonlinear terms the expansion coefficients of Eq. 5.49
reads approximately as:9

cj ≈ 〈j|eiku·r̂|0〉 = δj0 + iku · rj0 (5.51)

where rj0 = 〈j|r̂|0〉 has been defined.
Under the same assumption the product in Eq. 5.50 simplify to

c∗l cj ≈ δl0δj0 + iku · (δl0rj0 − δj0rl0) (5.52)

It is easy to see that the δl0δj0 term leads to the unperturbed ground state density
ρ(r, 0) = 〈0|ρ̂|0〉 which is it of no interest because we seek the expression of the
induced component. The time-dependent induced density can be expressed as:

δρ(r, t) ≈ ik
∑
j,l=0

u · (δl0rj0 − δj0rl0)e−iωljtρjl(r)

= ik

∞∑
j=0

(u · r0j)ρ0j(r)[e−iω0jt − eiω0jt]

= 2k

∞∑
j=1

(u · r0j) ρ0j(r)sin(ω0jt) (5.53)

where we made use of ωjl = −ωlj and ρj0 = ρ0j , which imply that we are assuming
real states. The last line in Eq. 5.53 can be reworked defining

dj(r) = 2(u · rj0) ρj0(r) (5.54)

We point out that the quantity dj(r) is referred as transition density in the work of
Sinha-Roy et al. even though according to the literature standard nomenclature25;26

“transition density” is reserved to the quantity ρjl(r) = 〈l|ρ̂|j〉. The latter is the
nomenclature we use throughout this Thesis.

Transition densities are a vital piece of information for the characterization of
optical modes in simple-metal chains, where the visualization of the oscillatory modes
through contribution maps, snapshot or animation within the oscillation period proves
very useful. In order to achieve such visualization the density mode R(r, ω, t) is
defined as the time-dependent induced density by a monochromatic component of the
perturbing field divided by k:

E(r, t)

k
= δ(t)u =

1

π

∫ +∞

0

cos(ωt)udω (5.55)

The mode can be obtained in terms of sine- and cosine-weighted contributions:

R(r, t, ω) = a(r, ω)cos(ωt) + b(r, ω)sin(ωt) (5.56)

a(r, ω) =
1

k

∫ +∞

0

δρ(r, t)cos(ωt)e−ηtdt (5.57)

b(r, ω) =
1

k

∫ +∞

0

δρ(r, t)sin(ωt)e−ηtdt (5.58)
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where a(r, ω) and b(r, ω) are the cosine and sine Fourier transform of the time-
dependent induced density δρ(r, t). It is worth noting that the a(r, ω) coefficient
accounts for the oscillation in phase with the external field. The contribution to the
induced density at the ω frequency can be evaluated defining the modulus:

S(r, ω) =
√
a2(r, ω) + b2(r, ω) (5.59)

Substituting Eq. 5.53 in into Eqs. 5.57 and 5.58 and also using 5.54, a(r, ω) and
b(r, ω) coefficients can be expressed in terms of dj(r, ω) as:

a(r, ω) =

∞∑
j=1

PP
2ωj

ω2 − ω2
j

dj(r) (5.60)

b(r, ω) = −π
∞∑
j=1

δ(ω − ωj)dj(r) (5.61)

where PP denotes the principal part. Evaluating R for ω = ωi (i.e ωi being an
excitation frequency), the density mode corresponds to the time dependent transition
density at ωi. The cosine coefficient a(r, ωi) evaluated at ω = ωi is a well-behaved
function that contains contributions from all the remaining excitation weighted the
1/(ωi−ωj). Conversely the sine coefficient b(r, ωi) is proportional to dj(r) with Dirac
deltas as weighting factors. Neglecting the oscillation in phase with the external field,
the mode is simply:

R(r, t, ωi) = − lim
η→0

η−1di(r)sin(ωit) (5.62)

The authors tested the formalism we have reported in the case of metal clusters
using ground state and time-dependent density obtained respectively from a ground
state DFT and a RT-TDDFT simulation in the real space code OCTOPUS. In par-
ticular, the authors focused on sodium (Na) metal clusters : the ground state, being
perturbed by a boost, is propagated for Tmax ≈ 25 fs using a time step of ≈ 0.002
fs. For the Fourier transforms a much larger time step was used: the time-dependent
densities are written out for every 50th time step21, which is equivalent to dump
approximately 250 density objects in a suitable file format (CUBE27 or DX28). It
is worth to mention that the authors performed the Fourier transforms for the re-
construction of the modes, smoothing out the frequency dependencies using a finite
frequency γ = 0.1 eV instead of the infinitesimal η. Thus the reconstructed modes
(Eq. 5.56) correspond to the driven induced density by the quasi-monochromatic pulse
E0exp(−γ|t|)cos(ωt)u, under the condition that |t| << γ−1. It is evident that using
a smaller dumping would impose longer propagation times.

As an example of the applicability of the approach, the authors report the modes
in a linear atomic chain of 20 Na atoms under an incident pulse polarized along the
direction of the chain. The authors pointed out that in this case the RT-TDDFT
absorption spectrum of Na20 is characterized by distinct absorption peaks. In Fig-
ure 5.5a we can see the absorption peaks and the corresponding spatial distribution
of the modulus S(r, ωi) of the reconstructed modes as well as snapshots of R(r, t, ωi),
evaluated at t = π/(2ωi) that is when the mode is equal to b(r, ωi).
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(a) (b)

Figure 5.5: Panel a): The reconstructed modes (R(r, t = Ti/4, ωi) where Ti is the
oscillation period and their respective module S(r, ωi) are reported for different
spectral features of the Na20 absorption spectrum. For all the isosurfaces the same
value is used. Panel b): The LR-TDDFT transition densities of Na20 at the
respective energies calculated by Bernadotte et al.29 are compared to the
reconstructed modes R(r, t = Ti/4, ω). The ∆ scaling factor of the energy axis
correspond to HOMO-LUMO gap of 0.17 eV.29 The isosurface value used for the
modes has been adjusted till a direct comparison to LR-TDDFT results is achieved.
Reprinted with permission from Ref 21. Copyright 2018 American Chemical Society.

As expected for a well-defined excitation the shapes of the reconstructed S(r, ω)
and R(r, t, ω) at t = π/(2ωi) (a quarter of the oscillation period Ti) are nearly iden-
tical. The authors proved the reliability and accuracy comparing the reconstructed
modes associated to the peaks at 0.53 and 1.31 eV (Figure 5.5b) to the transition den-
sities dj(r, ω) obtained from LR-TDDFT approach by Bernadotte et al.29 Moreover a
convincing explanation of the accuracy and reliability of the reconstructed modes was
given by the authors. Stressing that if a non-infinitesimal γ were used to evaluate the
Fourier transforms (Eqs. 5.57 and 5.58) the real function a(r, ω) and b(r, ω) would
result

a(r, ω) =

∞∑
j=1

(
− ω + ωj

(ω + ωj)2 + γ2
+

ω − ωj
(ω − ωj)2 + γ2

)
dj(r) (5.63)

b(r, ω) =

∞∑
j=1

(
γ

(ω + ωj)2 + γ2
+

γ

(ω − ωj)2 + γ2

)
dj(r) (5.64)

where the first term in parenthesis of both functions is the non-resonant term. Under
the condition that γ is small enough to ensure that there no further excitations within
the frequency range ωi ± γ, the sine coefficient (Eq. 5.64) will read as b(r, ω) =
−(1/γ)di(r). Conversely it is easy to show that the dependence of a(r, ωi) on the
nearby excitations depends on the chosen value of γ. Thus in general the cosine
component will be small but non-negligible in R(r, t, ωi), accounting for an excitation
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(a) (b)

Figure 5.6: Panel a): The absorption spectrum of icosahedral Na+
55 calculated in

LR-TDDFT is reported in the upper panel as Lorentzian-convoluted curve, along
with the generating oscillator strengths (red vertical lines). The transition density
corresponding to the most prominent absorption (ω = 2.94 eV) of the Casida
spectrum is also reported. In the lower panel the RT-TDDFT absorption spectrum
of Na+

55 is presented and the reconstructed modes ((R(r, t = Ti/4, ωi), being Ti the
period of oscillation) of the electron density oscillation that contribute to the
RT-TDDFT induced density are shown for three different energies. Panel b): The
reconstructed modes of the electron-density oscillation at 2.94 eV (RT-TDDFT) in
Na+

55 (lower panel) are compared to the transition density obtained from
LR-TDDFT at 2.92 eV. In both the cases (LR-TDDFT and RT-TDDFT) different
isosurface value are shown to highlight the distribution of the induced density in
different regions of the clusters. Reprinted with permission from Ref 21. Copyright
2018 American Chemical Society.

with finite lifetime, but the term b(r, ωi)sin(ωit) = R(r, t, ωi) being the one naturally
associated with the excitation, will be unaffected up to an overall scaling factor.

The other interesting case study presented by the author is a compact icosahedral
cluster Na+

55. In Figure 5.6a, the upper panel shows the LR-TDDFT Casida spectrum
as vertical red lines and their convolution using Lorentzians. In the bottom panel the
RT-TDDFT spectrum is reported. In both spectra the localized surface plasmon
resonance (LSPR) feature a splitted signal with the highest intensity just below 3
eV. In the LR-TDDFT spectrum the main contribution to the peak comes from an
excitation at ω = 2.92 eV and the corresponding transition density is shown next to
the peak. In the lower panel of Figure 5.6a the reconstructed modes corresponding to
the two maxima of the LSPR feature (ω = 2.94 and ω = 3.30 eV) have been reported
at the same isosurface value. The density response in these contributions to the split
surface plasmon does not look exactly the same but is localized at the cluster surfaces
as one may expect. The authors emphasized that this finding is in perfect agreement
with the classical picture in which the spatial distribution of the induced density
corresponds approximately to a rigid displacement of the density from its equilibrium
position leading to the appearance of the induced density mainly at the surface. In the
lower panel of Figure 5.6b the snapshots of the sine contribution to the reconstructed
mode at ω = 2.94 eV are shown for two different surface isovalue, verifying the surface
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character of the mode. By contrast the different surface isovalue representations of the
LR-TDDFT transition density in the upper panel of 5.6b show a qualitatively different
situation that cannot be regarded as a surface mode. Then the authors recognized
that the reconstructed surface plasmon is not dominated by as single transition. This
can also be seen in the convoluted LR-TDDFT spectrum where many energetically
close transitions around the most prominent one just below 3 eV contributes to the
overall LSPR spectral feature. Using the same argumentation it can be observed that
the peak at ωsp = 2.94 eV corresponding to the RT-TDDFT reconstructed mode is
the result of contributions from excitations in the neighborhood. More quantitatively
in Eqs. 5.63 and 5.64 neglecting the aforementioned non resonant term, the b(r, ωsp)
coefficient is a Lorentzian weighted sum of transition densities di(r) spanning a small
frequency range around ωsp, so that b(r, ωsp) will result quite independent of small
variations of ωsp and γ. Note that the composite character of the reconstructed RT-
TDDFT mode appears to be advantageous in the interpretation of localized surface
mode with respect to the LR-TDDFT transition density: the latter accounts for an
individual contribution but is not faithful in describing the driven induced density of
the oscillatory mode.

Refinement of transition densities from Fourier transform of δ-kick induced
density

A major step toward accurate Fourier-transform evaluation of transition densities has
been presented by Kümmel et al.9 The cited authors re-worked the calculation of tran-
sition density previously outlined (see Ref. 20) applying the novel strategy to systems
as Na4 sodium dimer and to the study of Q band excitations of bacteriochlorophyll a
(BChla). The real-time calculation was carried out using the real-space grid BTDFT
(Bayreuth DFT) program. Thus also the transition densities are conveniently rep-
resented on a numerical grid. In this paragraph we highlight the working equations
used in this approach. The starting point is the analytical expression of the time-
dependent electron density induced from a δ-kick (see the last line of Eq. 5.53 in the
previous section), the key idea here is that, in the evaluation of its Fourier transform,
the authors worked out an analytical expression which also includes the fact that the
real-time simulation has a finite time. Using the result of Appendix B from Ref. 9,
the imaginary part of the Fourier transform of the time-dependent induced density,
δρ(r, t) in Eq. 5.53, is analytically evaluated for the time window (0,T) and it reads
as:

Im{δρ̃(r, ω)} = −
∞∑
j=1

(k · r0j)ρ0j(r)
sin((ω − ω0j)T )

(ω − ω0j)
(5.65)

where for brevity we used k = ku. For a specific 0→ n transition the above equation
can be rewritten as:

Im{δρ̃(r, ω0n)} = −T (k · r0n)ρ0n(r)

−
∑

j=1,j 6=n
(k · r0j)

sin((ω0n − ω0j)T )

(ω0n − ω0j)
(5.66)
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The second term in Eq. 5.66 show how the transition 0→ j with j 6= n get involved
in the Fourier transform of the frequency dependent density for 0→ n.

For a finite system with M close-lying transitions 0 → n1···M , Eq. 5.66 can be
recast in matrix form:

Im{δρ̃} = CAρ (5.67)

where Im{δρ̃} is a matrix holding in each row the m-th imaginary part of the Fourier
transformation δρ̃(ri, ωm) represented at grid points (ri) and A is defined as:

Ajj = −(k · r0nj )T (5.68)

where k, r0nj , are the vector defining the δ-kick boost field and the transition dipole
(i.e rlj = 〈l|r̂|j〉 where r̂ = {x̂, ŷ, ẑ}) respectively, while the scale factor T is the
propagation time. C depends on transition energies

Cij =
sin((ω0ni − ω0nj )T )

(ω0ni − ω0nj )T
(5.69)

and it is symmetric with diagonal entries of 1 ( lim
x→0

sin(x)/x = 1). Matrices A and C

need to be inverted so that the transition density is obtained as:

ρ = A−1C−1Im{δρ̃} (5.70)

Turning to Eq. 5.66 it can be seen that if the 0 → n transition is energetically
separated from the others, i.e |(ω0n − ω0j)T | � 1, then the C matrix can be set
equal to 1. The validity of this condition can be visually checked just looking at the
spectrum. The previous condition is equivalent to:

ρ0n(r) ≈ −[T (k · r0n)]−1Im{δρ̂(r, ω0n)} (5.71)

For the excitation 0 → j, the transition dipole r0j used to calculate the normal-
ization matrix A (Eq. 5.68), termed in the following as rspec0j can be compared with
the transition dipole calculated using ρ0j :

rdens0j =

∫
rρ0jd

3r (5.72)

This is a very probing test of the consistency of the previous calculation: if rspec0j and

rdens0j have the same direction but their norm slightly differ, that is:

|rspec0j | = C|rdens0j | (5.73)

with C ≈ 1, then the |r0j| used in the calculation of A are are not entirely accurate.
Thus eventually rspec0j and ρ0j can be consistently corrected defining:

rconsistent0j =
1√
C
rspec0j (5.74)

ρconsistent0j =
√
Cρ0j (5.75)
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It is worth noting that the direction of the transition dipole and the angle it

forms with the boost (ϕ
(ϑ)
0j = kϑ · r0j , ϑ = x, y, z) is a vital piece of information

and eventually determines the diagonal elements of A (see Eq. 5.68). The transition
dipole as we have already mentioned is related, through its module to the oscillator
strength f0j . It is also easy to show that transition dipoles are related to the time-
dependent induced dipole moment. Following the same line of the previous subsection
the time-dependent dipole moment reads as:

µ(t) = 〈ψ(t)| − r̂|ψ(t)〉

= −
∞∑
j,l=0

c∗l cje
−iωljrlj (5.76)

where cj are time-independent expansion coefficient previously defined (see Eq. 5.48).
Substituting Eq. 5.52 in Eq. 5.76, using the same algebraic manipulation that led us
to Eq. 5.53 we get:

δµ(t) ≈ −2

∞∑
j=1

(k · r0j) r0jsin(ω0jt) (5.77)

The dependence on the angle ϕ0j of the transition density and dipole moment raises
two important aspects remarked by the authors. First it is customary to extract the
transition dipole direction from a single calculation with a boost in a specific direction
ϑ. Of course, this procedure is feasible if the boost and respective transition dipole
are nearly parallel (i.e nonorthogonal) to each other. From Eq. 5.77 one recognizes
that δµ(ω0j) ∝ r0j . Then it is possible to evaluate the three components of the dipole

moment µ
(ϑ)
γ (γ = x, y, z) and finally obtain three spectra that is S(ω)

(ϑ)
γ with line

heights (f0j)
(ϑ)
γ . For a specific frequency ω0j one makes use of the heights of the peaks

and finally get the direction of the transition dipole, since

r0j ∝

(f0j)
(ϑ)
x

(f0j)
(ϑ)
y

(f0j)
(ϑ)
z

 (5.78)

Second it is worth recalling that in RT-TDDFT we usually perform three separate
calculations each with a boost k(ϑ) = keϑ along one of three orthogonal directions,
and that building the trace of the polarization tensor the resulting oscillator strength

function is independent of the angles ϕ
(ϑ)
0j . However is still possible to obtain the tran-

sition dipoles from a single calculation without knowledge of the oscillator strengths.
Using Eq. 5.77 from the knowledge of the transition energies is possible to fit the in-
duced moment to the sum of sin(ωit) terms and obtain the angles ϕ0j between boost
and transition dipoles that appear in the inner products (k · r0j). Using this infor-

mation the oscillator strengths can be extracted from the line heights (f0j)
(ϑ)
γ . Again

this strategy requires the boost direction ϑ and transition dipole to be nonorthogo-
nal. The maximum accuracy is reached when the mentioned vectors are parallel, i.e
cos(ϕ0j) = 1.

As an example of the accurate evaluation of transition densities the authors report
the case of Na4 cluster. In Figure 5.7 the absorption spectrum of Na4 is shown: in
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Figure 5.7: Na4 Gaussian broadened absorption spectrum. The excitations are labeled
according to their symmetry with respect to the coordinate system and their energy
ordering. Adapted with permission from Ref. 9. Copyright 2018 American Chemical
Society.

particular we focus on the Z1, Z2, Y2 spectral features. In Fig 5.7 we can see that the
Z2 peak has low intensity and is energetically close to the high-intensity peaks, namely
Z1 and Y2. In Figure 5.8, panel a and b, respectively represent the transition density
of Z1 and Y2. It is easy to see that the former gives a density displacement along the
z direction, while in the latter the density displaces along y. Both transition densities
were obtained after a 50 fs propagation with a boost in the direction of the respective
transition dipole. Z1 and Y2 transition are excited by boosts perpendicular to each
other and are energetically well-separated thus they dominate Im{δρ̃(r, ω)} at their
respective excitation energy, in other words Eq. 5.71 holds. Analogously to the case of
Z2, the transition dipole corresponding to Z1 lies along z. The transition density for
the Z2 excitation approximated according to Eq. 5.71 for different propagation times
and boost vectors are reported in the left-hand side of Figure 5.9. The boost vectors
are chosen in the yz plane such that excitations with a transition dipole perpendicular
to the Na4 plane (i.e., X1, X2, and X3) are not active. Thus the term z boost denotes
kez while yz boost denotes k(ey + ez). Due to the presence of energetically-close
peaks Z1 and Y2 the calculation of the transition density for Z2 is tricky and the
result depends on the boost direction and time propagation. The 50 fs propagation
along the z direction (panel a) is the most accurate, while reducing the propagation
time, and employing different boost vectors, namely z (panel b) and yz (panel c)
the resulting transition density for Z2 is contaminated by Z1 and Y2 respectively.
The present issue can be addressed using the correction scheme we have outlined
(Eq. 5.70) and finally the corrected transition density are shown in the right-hand
side of Figure 5.9, where it can be seen that even with a short propagation time of
10 fs and a yz boost that “mixes” close excitations, a reasonably accurate transition
density for a low-intensity transition such Z2 can be obtained.



5.2. REVIEW OF THE AVAILABLE TOOLS 183

Figure 5.8: (a) Transition densities corresponding to Z1 (a) and Y2 (b) excitations
were obtained from distinct 50 fs propagations where the ground state density was
perturbed by a boost in the direction of the respective transition dipole. The transi-
tion densities are reported as isosurface value (0.0001a−3

0 ). Reprinted with permission
from Ref. 9. Copyright 2018 American Chemical Society.

5.2.3 Advanced methods for post-analysis of the transition
density

Most of the methods we have presented in the previous section aimed to analyse
the transition density in real space and cannot use the explicitly the potentialities
by the one-particle transition density matrix. In this section we firstly recapitulate
some highlights on the physical interpretation of the transition density and transition
density matrix30, secondly we outline a decomposition scheme based on the so called
“transition natural orbitals”, that allows to single out meaningful contributions to
the transition density and finally providing a straightforward interpretation of the
transition under investigation. We refer the interested reader to the review by Head-
Gordon and Dreuw31, where the method is discussed in a general CIS/TD-HF/TD-
DFT framework and applied to the study CT excitations of large molecules ( i.e the
zincbacteriochlorin-bacteriochlorin complex).

Before proceeding we would like to clarify that basic definitions of the density
operator and one-particle transition density matrix have been already presented at
the beginning of this Chapter. The notation used here reflects that used in the
referred literature. The term matrix is usually reserved to the representation of
quantum mechanical operators on a discrete basis set, nevertheless it is customary to
term as matrix the general quantity f(r, r′). Thus the one-particle transition density
matrix32 (1TDM) between the I and J state is defined in coordinate space as:

γIJ(r, r′) =

∫
Ψ∗I(r, r2, ...rn)ΨJ(r′, r2, ...rn)dr2...drn (5.79)

where all the coordinates have been integrated except for the first one. The represen-
tation in terms of the basis set functions reads as:

γIJ(r, r′) =
∑
µν

DIJ
µνχµ(r)χν(r′)∗ (5.80)
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Figure 5.9: From the left column of panels to the right one we report the Z2 transition
density before and after the correction scheme is applied in the case of (a and b) a 50
fs propagation with the z boost,(c and d) a 10 fs propagation with the z boost, and
(e and f) a 10 fs propagation with the yz boost. The isosurface value of 0.0001a−3

0

is employed. Reprinted with permission from Ref. 9. Copyright 2018 American
Chemical Society.

where DIJ
µν is the matrix element of the 1TDM defined as:

DIJ
µν = 〈ΨI |ρ̂|ΨJ〉 = 〈ΨI |â†ν âµ|ΨJ〉 (5.81)

We restrict our consideration to exicitation from the ground state (identified by the
superscript 0) and the I excited state. By integration of γIJ(r, r′) we obtain two
distinct quantities, identified by E,H subscripts whose meaning will become soon
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clear:

ρH(r) =

∫
γ∗0I(r, r′)γ0I(r, r′)dr′

=

∫ (∑
µν

D0I
µνχµ(r)χν(r′)∗

)∗(∑
ξζ

D0I
ξζχξ(r)χζ(r

′)∗
)
dr′

=
∑
µν

[D0ISD0I†]µνχµ(r)χν(r)∗ (5.82)

Repeating the same algebraic operation and integrating the r variable we obtain:

ρE(r′) =

∫
γ∗0J(r, r′)γ0I(r, r′)dr

=
∑
µν

[D0I†SD0I ]µνχµ(r′)χν(r′)∗ (5.83)

where D0ISD0I† and D0I†SD0I are the hole and particle matrices in the atomic
non-orthonormal basis. With the identification r → rH and r′ → rE , ρH(rH) and
ρH(rE) represent the hole and particle density. Given these properties Plasser pointed
out using an argumentation based on Green’s function theory that γ0J can be iden-
tified with the two-particle wave function describing the exciton32. Thanks to this
association the reconciliation between the quantum chemical picture and the solid
state picture of electron excitation can be achieved. In the former indeed electron
and hole motion are considered approximately uncorrelated [see Ref. 30 and therein].
Conversely in the solid state picture the excited state is considered a quasi-particle
(exciton) whose structure is determined by the electron-hole separation and binding
energy.

The connection between this formalism and the methods previously outlined is
made clear identifying the transition density ρ0I with the diagonal part of the 1TDM:

ρ0I(r) = γ0I(r, r) (5.84)

In the electron-hole picture the square of transition density represents the probability
that the electron and hole are found simultaneously at a location r = rH = rE . It has
been pointed out that the transition density vanishes whatever = rH 6= rE

32, in other
words it disappears for spatially separated charge states. As we have already seen
the transition density has positive and negative sign areas. It can be easily verified
that the integral over all space is zero. Having previously defined ρH and ρE , their
integral over all space is an important quantity:

Ω =

∫
ρE(rE)drE =

∫
ρE(rH)drH (5.85)

Substituting Eq. 5.83 the previous relation in the atomic basis reads as:

Ω = Tr[(D0I†SD0I)S] (5.86)

It has been pointed put that for CIS, Ω is equal to one and that for other wavefunc-
tion models it may be considered as a measure of the amount of single excitation
character33.
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Natural transition orbitals

Natural transition orbital analysis is nowadays a popular diagnostic tool for the char-
acterization of excited states and it is routinely employed in post-LR-TDDFT calcu-
lations in electronic structure packages like Q-Chem and Gaussian. Analogously in
the real-time framework we complement the calculation of the transition density with
a population analysis based on natural transition orbitals. As we have mentioned, we
aim at decomposing the transition density being defined as the diagonal part of the
1TDM:

ρ0I(r) = γ0I(r, r) (5.87)

In the MO occupied − virtual subspace the transition density is represented by a
rectangular (occ× virt) matrix:

Tia = 〈ϕi|ρ0I(r)|ϕa〉 (5.88)

Since the above matrix is rectangular it cannot simply be diagonalized. Instead a
singular value decomposition of T matrix can be applied leading to the “corresponding
orbital transformation” by Amos and Hall34:

T = UΣV † (5.89)

Sticking to the demonstration given in the cited literature the matrix TT † is diago-
nalized by means of the transformation matrix U , which contains the eigenvectors as
columns. The singular values are then obtained as the square root of the eigenvalue
of TT †:

U †TT †U = Σ2 (5.90)

Therefore the columns of U matrix are determined solving the eigenvalue equation:

TT †ui = λiui i = 1, 2, .., nocc (5.91)

Analogously, the columns of the V matrix are obtained solving:

T †Tvi = λ′ivi i = 1, 2, .., nvirt (5.92)

Matrices TT †and T †T have different dimensions, i.e nocc × nocc and nvirt × nvirt
respectively, but their first nocc eigenvalues are identical, while the remaining eigen-
values of the larger matrix T †T , λnocc , .., λnvirt are zero in the case of CIS and TDA
level of theory and they belong to the kernel of the map. In particular the relation
holds:

nocc∑
i

λi = 1 (5.93)

In the case of TDDFT/TDHF the above sum will be not equal to one and the deviation
depends on the extent of de-excitations. In TDDFT these de-excitation contributions
are usually small.
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The occupied and virtual “natural transition orbitals” are calculated as

Cholespq =

occ∑
k=1

Cp,kUk,q q = 1, 2, ..., nocc (5.94)

Cpart.pq′ =

M∑
k=occ+1

Cp,kVk−occ,q′ q′ = 1, 2, ..., nocc (5.95)

where in Eq. 5.95 the index q′ ranges from 1 to nocc and not nvirt since nvirt − nocc
virtual orbitals are mapped into the null vector, i.e the associated λq′ is null. Using
matrix compact notation the Eqs. 5.94 and 5.95 read as Choles = CoccU and Cpart. =
CvirtVocc respectively, where the subscripts occ and virt mean that we consider only
columns ranging from 1 to the number of occupied orbitals (occ) and from occ + 1
to the total number of orbitals (occ+ virt) respectively. In conclusion the transition
density represented in the occupied−virtual subspace has been reduced to a nocc×nocc
dimensional matrix in the basis of the natural transition orbitals which corresponds
to nocc particle-hole amplitudes. The hole amplitude (φhk) in the occupied space is
paired to the particle amplitude (φpk) in the virtual space by the associated λk. The λk
eigenvalue reflects the importance of the particle-hole excitation and usually the given
electronic transition is faithfully described by one single particle-hole pair in the NTO
basis with an associated eigenvalue close to one, making easier the interpretation of
such transitions that are highly mixed in the canonical molecular orbital basis.

The remarkable feature of the decomposition we discussed is that the transition
density can be brought in diagonal form using NTOs. Similarly hole and particle
densities can be expressed in terms of NTOs32. Moreover λs eigenvalue can be used
to define the so-called NTO participation ratio

PRNTO =
(
∑
i λi)

2∑
i λ

2
i

=
Ω∑
i λ

2
i

(5.96)

The PRNTO quantifies the number of independent contribution to the excitation. It
has been shown that a CIS state with PRNTO = 1 can be be expressed by a single
configuration state function, whereas in the case of PRNTO > 1 several configura-
tions are needed35 to describe the excited state, which can be attributed to static
correlation.

5.2.4 Bidimensional map based analysis

Transition contribution maps

The quantities and information used to define the MO-dependent dipole strength
function and the weighted-dipole transition matrix can be used to defined the so called
“transition contribution maps” (TCM)36. The TCM offers a useful representation for
plasmonic systems, in which many electron-hole excitations are involved in the given
resonance. Then a TCM is the representation of the KS decomposition weight wia(ω)
at a fixed ω in the two-dimensional (2D) plane, whose coordinate axes (εo , εu) range
over the energy of occupied and unoccupied states respectively. The function defining
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the 2D plot is given by:

MTCM
ω (εo, εu) =

∑
wia(ω)gia(εo − εu) (5.97)

where gia is a 2D broadening function for the discrete KohnSham (KS) electronhole
transition i→ a.

gia(εo, εu) =
1

2πσ2
exp
[
− (εo − εi)2 + (εu, εa)2

2σ2

]
(5.98)

where σ assumes a suitable value (0.07 eV) to ensure a finite size for each i → a
contribution. The same σ parameter is used for the Gaussian broadening in the
absorption spectrum. The weight wia(ω) is defined as:

wia(ω) = S
(ϑ)
ia (ω)/S(ϑ)(ω) (5.99)

where the label ϑ denotes the direction of the boost. In the noble-metal cluster
we going to consider, the icosahedral symmetry make the polarizability is isotropic
such that Sx(ω) = Sy(ω) = Sz(ω). Alternatively, instead of Eq. 5.99 one could

use, e.g., the normalized transition density matrix (wia(ω) = |[ρ(ω)]
(ϑ)
ia |2 ) as the

weight. Equation 5.99 being based on the MO-pair oscillator strength, however, has
the advantage that it retains the information about the sign of the response in the KS
decomposition. We briefly comment the most eye-catching features of the TCM for
the Ag55 cluster. The surface plasmon transitions (sp), which occurs at relatively low
energy pertain to the lower right corner of the TCM. In the Ag55 nanoparticle such sp
transitions strongly contribute to the resonance at the ω analysis energy, indeed they
are close to the solid εu − εo = ω lines in the TCMs. In the Figure 5.10 (a-c) these
contributions are marked by green circles and numbered as 1 and 2. Notably upon a
frequency scan, that is moving from ω = 3.71 eV to ω = 4.00 eV the first transition
changes its sign. Similarly the second transition changes its sign within the 4.00-4.20
eV interval. According to the authors the sign inversion of the mentioned transition
occur at ω = 3.85eV and ω = 4.06 respectively. Thus they suggested that a strong
coupling between the marked KS transitions and the plasmon is responsible for the
presence of multiple peaks in the Ag55 spectrum. Hopefully the brief analysis we
reported should provide a flavor of the usefulness of TCM for the analysis of plasmon
resonances in large metal clusters.

Particle-hole map

We conclude this Chapter briefly commenting a tool, namely “particle-hole map”
(PHM), which has been proposed to visualize electronic excitation in molecule37.
This methods is strictly related to those techniques based on density calculation and
it is mostly oriented to the real-space framework. The time-dependent particle-hole
maps approach can be readily introduced considering the object:

P (r, r′, t) =

N∑
i=1

{|ϕi(r′, t)2| − |ϕ(0)
i (r′)2|}|ϕ(0)

i (r)|2 (5.100)
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Figure 5.10: We report transition contribution maps for the photoabsorption decom-
position of (a-c) Ag55 at different resonance energies ω. The KS eigenvalues εo,u are
reported with respect to the Fermi level. The line εu − εo = ω represents constant
energy transitions: solid line refers to the analysis energy, whereas the dashed ones
refer to the resonance energies of the noninteracting-electron spectra. (For further
details see Ref. 36). Positive and negative values of the photoabsorption decomposi-
tion are denoted by red and blue colors respectively. The absorption spectrum with
the arrow pointing at the analysis frequency ω is shown in the inset of each panel.
The sp and d character of the states is denoted by different colors in the density of
state (DOS) plot. Adapted with permission from Ref. 36. Copyright 2017 American
Chemical Society.

In this expression the density fluctuation of i-th time-varying Kohn-Sham orbital,

|ϕi(r′, t)|2 − |ϕ(0)
i (r′)|2 is weighted by the density of the corresponding ground state

orbital ϕ
(0)
i (r). Thus each term of the sum has the form of a difference of joint prob-

abilities: the probability density fluctuation associated to the i-th orbital ∆ρi(r
′, t)

at time t and position r′ is multiplied by the probability density of the i-th ground
state orbital at position r. If we restrict our derivation to the perturbative regime,
that is the case of a small perturbation, we retain only the first order response of the
orbital in Eq 5.100 obtaining:

|ϕi(r′, t)|2 − |ϕ(0)
i (r′)|2 = ϕ

(0)
i (r′)δϕi(r

′, t) + c.c

= ϕ
(0)
i (r′)δϕi,o(r

′, t) + ϕ
(0)
i,u(r′)δϕi(r

′, t) + c.c (5.101)

where we have separated the summation over i distinguishing occupied (o) and un-
occupied (u) orbitals in the expression of δϕi:

δϕi(r, t) =

N∑
j=1

Cijϕ
(0)
j (r)eiωijt +

M∑
a=N+1

Ciaϕ
(0)
a (r)eiωiat

= δϕi,o(r, t) + δϕi,u(r, t) (5.102)

The PHM is defined as follow:

Ξ(r, r′, t) =

N∑
i=1

{ϕ(0)(r′)δϕi,u(r′, t) + c.c}|ϕ(0)
i (r)|2 (5.103)
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thus only ground state unoccupied orbitals take part into orbital density fluc-
tuations: Ξ(r, r′, t) measures the probability that a particle originates at position
r and moves to position r′ during the excitation process. It is worth noting that
Ξ(r, r′, t) do not coincide with P (r, r′, t) since only first order terms are retained.
The time-dependent PHM satisfies two notable sum rules:∫

Ξ(r, r′, t)d3r′ = 0 (5.104)∫
Ξ(r, r′, t)d3r = δρ(r′, t) (5.105)

Equation 5.104 express the charge conservation due to the fact that when an electron
move to position r′ from r a hole is created at r. Equation 5.105 shows that the
probability that an electron move to r′ irrespectful of it initial position is exactly
the linear density response that can be obtained from TDDFT. The PHM satisfies
analogously the sum rules in the frequency space, indeed the frequency-dependent
PHM the n-th excited state is given as:38

Ξn(r, r′) =
∑
ia

{ϕ(0)
i (r′)ϕ(0)∗

a (r′)Xn
ia + ϕ

(0)∗
i (r′)ϕ(0)

a (r′)Y nia}|ϕ(0)
i (r)|2 (5.106)

and the sum rules read as: ∫
Ξn(r, r′)d3r′ = 0 (5.107)∫
Ξn(r, r′)d3r = δρ(r, ωn) (5.108)

The approach based on Particle-Hole Map (PHM) can be used to visualize not only
charge redistribution, but the detailed origin and destinations of electrons and holes
during an excitation process. Thus, it is ideally suited to identify and characterize
charge-transfer (CT) excitonic effects, in a wide range of materials going from solid
to molecules.

5.3 Conclusions

In this Chapter we reviewed some of the methodologies and formalisms presented
in literature for the analysis of electronic excitations, mainly in the framework of
real time density functional theory. Indeed calculating the frequency and oscillator
strength is not sufficient to fully characterize an electronic excitation: the transition
density and auxiliary quantities are able to disclose many details about the nature of
the excitation.

Firstly, the time-dependent dipole moment can be decomposed in MO-pair contri-
butions. The MO-pair-dependent dipole moment can be analyzed by means of spectral
decomposition, so that MO-weighted dipole strength functions are obtained. Then
the MO-pair contributions to the dipole strength function are singled out allowing
to identify a subset of MO-pairs that are strongly involved in the excitation process.
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The “orbital picture” provides a very intuitive framework, since each excitation is
thought in term of transition from occupied to unoccupied orbitals.

Secondly, since the transition density bears the nature of the excitation, it is
important to visualize it at least qualitatively. We have seen that in first place the
transition density corresponding to a given transition can be expressed as a ground
state orbital product, provided that one is able determine somehow which orbitals
are involved in the transition. The quality of the orbital products can be compared
to the genuine transition density using the numerical descriptors we reported.

The genuine transition density can be determined performing a step-by step Fourier
transform of the deformation density δρ(r, t) induced by a δ-kick, for preset frequen-
cies. More elaborate methodologies have been reported in this Chapter, in particular
we devoted our attention to the identification of electronic oscillation modes, which
can be extracted by Fourier transform from a boost. In particular this method is
suitable in the case of plasmonic resonances of metal clusters.

Following the same line adopted in the case of the extraction of electronic oscil-
lation modes by the Fourier transformation of time-dependent δ-kick induced den-
sity, we reported an important advancement in the calculation of accurate transition
density even in the case of low-intensity transitions. The refinement of the Fourier-
transformed density induced by a boost allowed to obtain the transition density with
an unprecedented accuracy for different propagation times and boost vectors.

Finally an alternative route to the molecular orbital decomposition can be devised
just using the “natural transition orbitals” approach. The NTO allows to single
out the information contained in the transition density yielding a rather compact
description, indeed usually the nature of the excitation is entirely captured by a single
electron-hole pair amplitude, even in the case of transition that are highly mixed in
the molecular orbital basis.

The implementation of these methodologies, both native either inherited from
linear response, allows to characterize an electronic excitation far beyond the simple
inspection of the power spectrum obtained from the real-time propagation. Discussing
these methods we stressed that some of them have been originally developed on grid-
based implementations, others in codes based on algebraic approximation. Moreover,
since they have been applied to very different chemical systems, a rational comparison
between them results quite cumbersome. In order to highlight pros and cons, including
their consistency in characterizing the nature of the electronic transition, we think
that an implementation of the different approaches presented in this Chapter in the
same code would be highly desirable. In the next Chapter, taking advantage of our
new implementation of RT-TDDFT in the efficient and portable framework offered
by Psi4NumPy, we implement many of the schemes presented here and applied them
in the simple case of electronic transitions the water molecule.
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Grimme, S. Circular Dichroism of Helicenes Investigated by Time-Dependent Den-
sity Functional Theory. J. Am. Chem. Soc. 2000, 122, 1717–1724.

[13] Neese, F. Prediction of molecular properties and molecular spectroscopy with
density functional theory: From fundamental theory to exchange-coupling. Coord.
Chem. Rev. 2009, 253, 526–563.

[14] Furche, F.; Ahlrichs, R. Adiabatic time-dependent density functional methods
for excited state properties. J. Chem. Phys. 2002, 117, 7433–7447.

[15] Silverstein, D. W.; Govind, N.; van Dam, H. J. J.; Jensen, L. Simulating One-
Photon Absorption and Resonance Raman Scattering Spectra Using Analytical
Excited State Energy Gradients within Time-Dependent Density Functional The-
ory. J. Chem. Theory Comput. 2013, 9, 5490–5503.

[16] Repisky, M.; Konecny, L.; Kadek, M.; Komorovsky, S.; Malkin, O. L.;
Malkin, V. G.; Ruud, K. Excitation Energies from Real-Time Propagation of the
Four-Component Dirac-KohnSham Equation. J. Chem. Theory Comput. 2015,
11, 980–991.

[17] Bruner, A.; LaMaster, D.; Lopata, K. Accelerated Broadband Spectra Using
Transition Dipole Decomposition and Padé Approximants. J. Chem. Theory Com-
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[18] Kümmel, S.; Andrae, K.; Reinhard, P.-G. Collectivity in the optical response of
small metal clusters. Appl. Phys. B 2001, 73, 293–297.
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Chapter 6

Techniques for analysing
electronic transitions:
Implementation in Psi4-RT
and first application

6.1 Introduction

In the previous Chapter we reviewed some of the most relevant methods proposed
in literature for the characterization of electronic excitations within the real-time
TDDFT framework. We have seen that the excitation energy and the oscillator
strength are not sufficient to unveil the nature of transitions and to gain useful chem-
ical insights. For instance, we have seen that the analysis of electron excitation can
be based on ground state molecular orbitals (MO) and the latter yields a precise in-
terpretation in terms of transitions from occupied to virtual MO1;2. This approach
is able to give an interpretation of the nature of the transition which is analogous to
what one typically can obtain within the linear-response TDDFT.

Another significant piece of information about the nature of the excitation is en-
coded in the transition moment (which is strictly related with direction and probabil-
ity of the transition) and in the transition density. Both these quantities are directly
related to the time-dependent induced dipole moment and time-dependent density
and thus well defined in the TDDFT framework.

The visualization of the transition density associated to a given electronic exci-
tation is a valuable diagnostic tool to explore the nature of excitations: using 3D
maps we can easily inspect the transition density at a selected frequency ω and even
compare it to approximated transition densities, obtained for example as ground state
orbital products3. Yet numerical descriptors able to estimate the degree of similarity
between transition densities obtained by different methods, have been reported3.

The need of reliable transition densities even in the case of low-intensity or composite-
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character excitations has prompted the development of frequency-based methodolo-
gies even further. In this respect the technical feasibility of the Fourier-transform
evaluation has been proved even in complex system like noble metals4 and in the case
of challenging electron dynamics.5

Discussing these methods in the previous Chapter, we stressed that some of them
have been originally developed on grid-based implementations, employing the real-
space code OCTOPUS, and the analysis based on RT-TDDFT simulations using
PARSEC and BTDFT with the relevant quantities represented on numerical grid,3–5

whereas some other methods were devised in codes based on algebraic approxima-
tion1;2 as in ReSpect and NWChem. Moreover, since they have been applied to very
different chemical systems, a rational comparison between different methods results
quite cumbersome.

In this Chapter we report the implementation within a common computational
framework of several methods among those reviewed in the previous Chapter, namely
the molecular orbital weighted analysis1;2 and analysis of the transition density,
with the latter obtained via a direct Fourier Transform or employing more sophis-
ticated density mode reconstruction4 and transition density refinement.5 The real-
time TDDFT implementation in the Psi4NumPy framework (Psi4-RT) and all rele-
vant quantities used to implement the new analysis techniques have been handled as
Python objects, making the implementation of the above methods straightforward.
As a first illustrative case we report the results obtained for two selected low lying
electronic transition of the water molecule.

6.2 Implementation and Computational Details

We already mentioned that the calculations were performed within our new imple-
mentation of real-time TDDFT based on Psi4NumPy package, the Psi4-RT code.6

The latter has been described in details in Chapter 3 and Chapter 4. Benefiting from
the prototypical approach we used throughout this Thesis and employing the linear
algebra NumPy functions we were able to easily merge the transition density analysis
in a development version of Psi4-RT. Even though most of the calculations involved
algebraic operations, we used Psi4NumPy core functions to map the basis set on nu-
merical grid when we recurred to numerical integration. The resulting Python code
along with basic instructions are available at Ref. 7. In the case of the method based
on density mode reconstruction by Sinha-Roy et al. (also reviewed in section 5.2.2 of
this thesis), the time-dependent density from Psi4-RT has been dumped as a collec-
tion of CUBE files, then converted to the DX format and processed with the freely
available code FTDensity.4 For illustrative purposes, we applied all methods on two
low-lying selected transitions of the water molecule. The electronic ground-state of
water calculated in absence of an external electric field was perturbed by an analytic
δ-function pulse with a strength of κ = 1.0×10−5 a.u., if not stated otherwise. The
resulting field-free induced dipole moment is then collected for approximately 24 fs us-
ing a time steps of order 0.1 a.u. The total polarization tensor is obtained performing
three calculations along the three directions, x, y, z, and taking the Fourier transform

of the induced dipole moment (δµ
(ϑ)
γ , γ = ϑ = x, y, z). The induced dipole moment
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O 0.000000 -0.000014 -0.348240
H 0.000000 0.760011 -0.932852
H 0.000000 -0.759996 -0.932908

Table 6.1: Water geometry in atomic units.

has been damped with an exponential factor (e−λ·t, with λ = 3.0×10−4), before per-
forming the Fourier transform. The resulting spectra will display Lorentzian-shaped
lines.

The BLYP functional made of the Becke 1988 (B88) exchange8 plus the Lee-
Yang-Parr (LYP) correlation9 was used. The basis set used for the calculation is the
Def2-svp basis set.

For useful reference we report in Table 6.1 the water geometry and we show the
ground state molecular orbitals most involved in the transitions in Figure 6.1

Figure 6.1: Most relevant ground state molecular orbitals of water are reported by
means of isovalue surfaces (± 0.07 ea−3

0 ) along with their energy

6.3 Molecular orbital weighted analysis

In the methodological review presented in Chapter 5, we have already reported the
basic ideas behind the dipole-weighted transition matrix analysis first introduced by
Repisky et al.1, which is based on a partitioning of the time-dependent dipole moment
in terms of occupied-virtual pairs of ground state canonical orbitals.

We recall that the MO-pair dipole associated to the i occupied and a virtual
orbitals is defined by:

µia(t) = Dia(t)Pai +Dai(t)Pia (6.1)
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where only occupied-virtual elements of the matrices representing the density and
the dipole operator in the basis of ground state canonical orbitals, Dia(t) and Pia
respectively, are needed. The corresponding amplitude1 in the frequency domain is
obtained taking the Fourier transform:

µia(ω) =

∫
µia(t)e−iωtdt, (6.2)

assuming the z polarization of the induced dipole if not stated otherwise. In our Ps4-
RT implementation this method does not introduce any significant computational
cost, since the density matrix in the basis of ground state canonical orbitals is already
available during the propagation at no additional cost, while the dipole matrix is
calculated only once at the very beginning.

The µia(ω0) elements can be used to carry out the so-called dipole-weighted tran-
sition matrix analysis: the occupied orbital index i is used to label the columns of the
dipole-weighted transition matrix, whereas the virtual index a labels the rows. The
transition matrix has been constructed as follows: µia have been calculated for a lim-
ited number of occupied-virtual orbital pairs and each element has been divided for
the absolute value of the largest element. We consider the frequencies corresponding
to the excitation frequency of water (ω = 9.226 eV and ω = 16.508 eV) and the dipole-
weighted transition matrix analysis for these excitations are reported in Figure 6.2.
It is easy to see that for the A spectral feature the HOMO-1-to-LUMO transition
(ϕ4, ϕ6) captures the nature of the excitation, while the B feature is characterized by
the HOMO-2-to-LUMO+1 transition (ϕ3, ϕ7).

The quantity µia at frequency ω0 results, for a δ-kick perturbation, up to an
overall scaling factor equal to Sia(ω0) which is the MO-pair dipole strength function.
Summing all the Sia(ω) one clearly obtains the total dipole strength function S(ω0).
For preset frequencies corresponding to the excitation frequency of water (ω = 9.226
eV and ω = 16.508 eV) we report the Sia contribution in Figure 6.3. We can easily
see that for both transitions, only a small subset of MO-pairs has to be considered,
namely the HOMO-1-to-LUMO(ϕ4, ϕ6), HOMO-2-to-LUMO+1 (ϕ3, ϕ7) and HOMO-
2-LUMO+2 (ϕ3, ϕ8) pair. The excitation at ω = 9.226 eV is clearly dominated by the
HOMO-1-to-LUMO transition, while the other pairs are less involved. On the other
hand the higher energy excitation is mostly associated to the HOMO-1-to-LUMO+1
transition. As we have already highlighted the quantities Sia(ω0) associated to a given
MO pair may be either positive or negative: this arises from a relative phase between
the oscillation of µia(t).2

We conclude this Section reporting the analysis of the transition based on transi-
tion coefficients. According to the work of Bruner et al2, the transition coefficient are
obtained from a real time calculation in the form of percent dipole strength of each
MO pair:

pRT
ia =

|Sint
ia |1/2∑

i,a |Sint
ia |1/2

(6.3)

Sint
ia ≡

∫ ω+

ω−

Sia(ω)dω (6.4)
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Figure 6.2: Left: Calculated absorption spectrum of H2O using the RT-TDDFT.
(Right) The 2D plots depicting the “dipole-weighted transition matrices” of the first
two spectral features (A and B) are shown. The first line can be mostly attributed
to the HOMO-1-to-LUMO transition, whereas for the second line the HOMO-2-to-
LUMO+1 pair contribution is dominant.

Figure 6.3: Si,a corresponding to different i, a MO pairs are reported for frequencies
ω = 9.226 eV and ω = 16.508 eV. The total dipole strength is obtained as sum of the
Si,a contributions at the respective frequency.
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In linear-response TDDFT the analogous coefficients are defined as:

pLR
ia =

|cia|∑
i,a |cia|

. (6.5)

As already mentioned, the evaluation of transition coefficients requires the integra-
tion of the dipole strength function which depends as usual on the dipole polarizability

αdd =
µd(ω)E∗d(ω)

|Ed(ω)|2 (6.6)

where Ed(ω) is the Fourier Transform of the perturbing field: limited to this case we
employed a narrow Gaussian electric field of amplitude κ = 1.0×10−3, width σ = 1.0,
center t0 = 20.0 in atomic units as proposed in Ref. 2. The resulting induced dipole
moment was exponentially damped (λ = 1/150.0 a.u) prior to transformation.

In Figure 6.4 the absorption spectrum of water is reported against bar charts,
labelled either as RT or LR for the corresponding transitions. Coefficients pLR

ia have
been obtained using linear response in NWChem (NW) with same functional (BLYP)
and basis set (Def2-svp) used in real-time approach.
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Figure 6.4: Left: calculated RT-TDDFT absorption spectrum of water. Right: RT-
and LR-transition coefficients are reported for the transitions under investigation. For
the excitation at ω = 9.226 eV RT-TDDT predicts the HOMO-1-to-LUMO transition
to be the leading contribution in the excitation, with non-negligible contribution
from HOMO-2-to-LUMO+1 and HOMO-2-to-LUMO+2 transitions. The analysis
based on linear response coefficients yields on the overall a similar representation
with the HOMO-1-to-LUMO transition as the main contribution, even though its
relative weight overwhelms significantly those of the other contributions.

The denominator in the expression 6.3 requires in first place the evaluation of all
relevant Sint

ia , thus we considered the contributions from the i, a MO pairs (2,6), (3,7),
(3,8), (4,6) and (4,10) corresponding to the sole non-negligible Si,a in Figure 6.3.
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Table 6.2: We compare the transition coefficients p4,6, p3,7, p3,8 reported as percentage
in the case of the excitations at 9.226 eV (ωA) and 16.508 eV (ωB). We do not
denote the coefficient either by LR or RT, since we explicitly indicate the methodology
employed in the calculation. In particular linear-response calculations were carried
out using NWChem. Notably the analysis based on NWChem-LR does not attribute
any value to pLR

3,8 in the case of excitation at ωA.

Psi4-RT NW-LR
ωA ωB ωA ωB

p4,6 60.49 14.72 91.66 5.49
p3,7 18.76 51.85 8.34 66.14
p3,8 11.47 18.23 - 5.57

For the excitation at frequency ω = 9.226 eV the HOMO-1-to-LUMO transition
can be easily identified, while the HOMO-2-to-LUMO+1 and HOMO-2-to-LUMO+2
transitions are involved to a lesser but non-negligible extent. The analysis based
on LR-TDDFT coefficients attributes the character of the excitation almost entirely
the to HOMO-1-to-LUMO transition. Anyway RT- and LR-based analysis are not
giving drastically different results since both of them show p4,6 configuration as the
dominant contributor. The analysis of the excitation at ω = 16.508 eV shows a
similar picture: both RT- and LR-based analysis ascribe to the HOMO-2-to-LUMO+1
transition the main character of the excitation, but the relative weight of remaining
MO-pair contributions appears to be quite different in RT and LR approaches. In
the calculation of pLR

ia coefficients the a index ranges from LUMO to LUMO+5 as
reported in the supplementary material at Ref. 7. We reported the numerical value
of the above transition coefficients for the excitation we analyzed both using LR and
RT approaches in Table 6.2.

On the overall the analysis based on transition coefficients, besides numerical dif-
ferences, yields a satisfactory and consistent interpretation of the nature of electronic
excitations.
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6.4 Analysis of the transition density

We have stressed that the transition densities is the central quantity in the charac-
terization of electronic excitations: indeed it determines the transition dipole and
likewise the oscillator strength and by a simple visual inspection allows to explore the
nature of excitations. In RT-TDDFT the transition density is related to the time-
dependent density, thus is a well defined quantity. The transition density connecting
the excited state to the ground state is a function of r space coordinate, and depends
on the excitation frequency as parameter: ρ(r, ω0j) is proportional to the negative
of the imaginary part of the Fourier transformation δρ̃(r, ω0j) of the time-dependent
density fluctuations evaluated at ω = ω0j . Here ω0j is the excitation frequency for
the 0→ j transition. In this Section we present the results for the transition densities
performing the Fourier transform during the real-time evolution of the electron den-
sity. In particular, we analyze the case of the water molecule for preset frequencies
and we take the transition density to be exactly defined as:

ρ(r, ω0j) = −Im{δρ̃(r, ω0j)} (6.7)

This expression is exact up to an overall scaling factor. In our implementation based
on the algebraic approximation we carry out the Fourier transform of the time-
dependent induced density matrix, rather than handling the time snapshots of the
density in real-space representation. For a discretized n-time step simulation and a
preset frequency ω, we perform a real-time element-wise sum of the on-the-fly induced
density matrix generated during the propagation and weighted by the appropriate fac-
tor e−iωti , where 0 < ti < tn. The process requires only the progressive result of the
element wise sum to be permanently stored. This approach clearly features a reduced
size, in fact summing element by element nbas × nbas matrices is far cheaper than
summing point by point in a medium-size numerical grid. The element-wise sum is ef-
ficiently carried out using standard NumPy call. The induced time-dependent density
matrix we are considering is expressed in the atomic basis set (AO), but this comes
at no additional cost since D(AO)(t) is already available during the time-propagation
being a necessary ingredient to build the Fock matrix. Eventually, we can visualize
the resulting transition density performing a one-time transformation from the basis
set to the real-space representation. The transition density for the excitation at fre-
quency ω = 9.226 eV and ω = 16.508 eV are depicted in the Figure 6.5 and associated
to the respective spectral features.

We recall that approximate transition densities can be evaluated as a MO product
according to:

ρ(r, ω) ∝
occ.∑
i

virt.∑
j

aωijϕi(r)ϕ∗j (r) (6.8)

where the coefficients aωij for the ij pair at the ω frequency play the role of weighting
factors for the different pairs.

According to the previous analysis, the low-lying excitation (9.226 eV) has the
character of the HOMO-1-to-LUMO transition while the high energy one (16.508
eV) is represented by the HOMO-2-to-LUMO+1 transition. We report these two
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Figure 6.5: H2O spectrum and transition densities from density propagation.
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orbital products in Figure 6.6. It is easy to see that the orbital product HOMO-1-
LUMO quantitatively matches the transition density of Figure 6.5. For the transition
at frequency ω = 16.508 eV the orbital product HOMO-2-LUMO+1 still provides
a meaningful representation the transition density. Depending on the relative and
arbitrary phase between two orbitals, the pattern of positive and negative areas in
the resulting product may results not consistent with the sign pattern of the transition
density as in the case of higher energy transition. It is worth nothing that scaling the
orbital product by an overall factor ± 1 would affect only the direction (sense) of the
transition dipole vector, leaving the oscillator strength unaffected since it depends
on the transition dipole module. Moreover the disk shaped surface expected to be
located on the oxygen atom is missing in the HOMO-2-LUMO+1 product. As already
pointed out by Hofmann et al.3 (and as also reported in the previous Chapter) a non-
perfect agreement is the signal that also further MO pairs have to be included leading
to a summation likewise in Eq. 6.8 In this context we may suggest a useful extension

Figure 6.6: The orbital products obtained from ground state orbitals of H2O are
reported along with their parent orbitals.

based on Eq. 6.8: it may be argued that the weighting factors aij(ω) are closely
related to the normalized factors µ̄ij(ω) or equivalently to the peaks height of the
MO-dependent Sij(ω). According to this ansatz it may be interesting to evaluate the
transition dipole corresponding to a specific transition to which few MO pairs (ia)
contribute:

µ = −
∑
i

∑
a

µ̄ia(ω0n)

∫
ϕi(r)∗µ̂ϕa(r)d3r (6.9)

with the usual identification µ̂ = −r̂. In Table 6.3 the transition dipole vectors (µia)
corresponding to a specific orbital product (ia) for a selected transition frequency
are reported separately. The sum of MO-pair contributions is also reported (µ).
Then, this simple model can be used to obtain a semi-quantitative prediction of the
transition dipole, indeed our result closely agree to the value calculated using LR-
TDDFT in NWChem at BLYP/Def2-svp level of theory (0.00000, 0.00002, -0.5702 in
atomic units). The approach seems promising, however, its actual potential has to be
properly tested on a larger set of molecules and different transitions.

We have seen that two transition densities can be compared using κ1 and κ2



6.4. ANALYSIS OF THE TRANSITION DENSITY 207

Table 6.3: µ4,6 and µ3,7 are the transition dipole vectors associated to MO pairs (4,6)
and (3,7)associated with transition at ω0n The weighting factors µ̄ij(ω0n) associated
to (4,6) and (3,7) MO-pairs are also reported, where ωi is equal to 9.226 eV. Dipole
components are in atomic units.

x y z µ̄4,6(ω0n) µ̄3,7(ω0n)
µ4,6 0.0000 1.8355×10−5 0.5012 1.0
µ3,7 -0.0000 -1.6634×10−5 -0.4510 -0.1
µ 0.0000 2.0018×10−5 -0.5463

ρω1 ρω2 κ1 κ2(×10−4)
TD 9.226 eV GS H-1-L 0.98311 2.9624
TD 16.508 eV GS H-2-L+1 -0.91662 5.0570
TD 9.226 eV GS H-2-L+1 0.34123 2.3947
TD 16.508 eV GS H-1-L -0.10252 1.9178
GS H-1-L GS H-2-L+1 -0.59931 52.512
TD 9.226 eV TD 16.508 eV -0.35351 0.0845

Table 6.4: Transition densities for H2O molecule excitation are compared using the
criteria κ1 of Eq. 6.10 and κ2 of Eq. 6.11. Labels TD followed by and excitation
energy denote transition densities obtained from RT propagation (Eq. 6.7), whereas
the label GS followed by letters H (i.e HOMO),L (i.e LUMO), etc., denote transition
density calculated as a ground state (GS) orbital product.

descriptors3 defined as:

κ1 =

∫
d3rρ(r, ω1)ρ(r, ω2)∫
d3r|ρ(r, ω1)ρ(r, ω2)| , (6.10)

and

κ2 =

∫
d3r|ρ(r, ω1)ρ(r, ω2)| (6.11)

The former, κ1 measures the similarly between the spatial pattern of the correspond-
ing transition densities and it is not sensitive to proportionality factors of Eqs. 6.7
and 6.8. It varies between −1 < κ1 < 1 and takes ts maximum value κ1 = 1 only if the
spatial structure of the transition densities ρw1 and ρw2 is equal. On the other hand,
κ2 is a measure of the overall overlap of the densities. In Table 6.4 we reported the
values of κ1 and κ2 for the water excitations. The calculation of the above numerical
descriptors relies on the mapping of transition densities and orbital products on a
standard integration grid used in Psi4 for the calculation of the exchange-correlation
potential. For this purpose we used the Psi4NumPy core function to map basis func-
tions on numerical grid and to transform the relevant quantities from the algebraic
representation to the grid representation. We employed a Becke grid (75 radial and
434 spherical points respectively). Our results appear to be consistent with simi-
lar calculations we reported in Table 5.1 of Chapter 5. The κ1 descriptor confirms
the qualitative analysis based on visualization of iso-surface plots. For correspond-
ing transition densities κ1 is greater than 0.9, while a value lower than 0.6 is found
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for non-corresponding densities. The κ1 of almost 0.6 (in absolute value) denoted
some similarity in the spatial pattern between the HOMO-1-LUMO and HOMO-2-
LUMO+1 orbital product. However values of κ1 close to 1 in the first two entries of
Table 6.4 confirm that the TD transition density at ω = 9.226 eV can be identified
with the HOMO-1-LUMO product, whereas the TD transition density at ω = 16.508
eV can be associated to the HOMO-2-LUMO+1 product. Swapping the orbital prod-
ucts to which the TD transition densities are compared to (fourth and fifth entry of
Table 6.4) leads to values of κ1 smaller than 0.4, denoting lack of similarity. Coher-
ently the last entry of Table 6.4 confirms that the transition densities corresponding
to the above excitations are quite different. The κ2 criterion on the other hand is less
instructive, since it predicts that TD transition densities at 9.226 eV has similar abso-
lute overlap with both HOMO-1-LUMO and HOMO-2-LUMO+1 orbitals products.
Indeed, the absolute overlap between the two orbital products (HOMO-1-LUMO and
HOMO-2-LUMO+1) is significant and justifies the aforementioned trend. However it
is worth noting that absolute the overlap between TD transition density at 9.226 eV
and the one at 16.508 eV is negligible. In conclusion κ1 is usually sufficient to explore
the nature of excitations, while κ2 can help to confirm the findings based on κ1.

6.5 Density mode reconstruction

In Chapter 5 we reported an intriguing analysis of the electronic modes in noble metal
cluster based on the reconstruction of density modes. The density mode R(r, ω, t)
is defined as the time-dependent induced density by a monochromatic component of
the perturbing field (see Eq. 5.55). The mode can be expressed in terms of sine- and
cosine-weighted contributions:

R(r, t, ω) = a(r, ω)cos(ωt) + b(r, ω)sin(ωt) (6.12)

where a(r, ω) and b(r, ω) are the cosine and sine Fourier transform of the time-
dependent induced density δρ(r, t), see Eq. 5.57 and 5.58. The contribution to the
induced density at the ω frequency can be evaluated defining the modulus:

S(r, ω) =
√
a2(r, ω) + b2(r, ω) (6.13)

As we have already shown in the previous Chapter, a(r, ω) and b(r, ω) coefficients
can be expressed in terms of dj(r, ω), which is a function strictly related with the
transition density. Evaluating R for ω = ωi (i.e ωi being an excitation frequency),
the density mode corresponds to the time-dependent transition density at ωi. The
cosine coefficient a(r, ω) evaluated at ω = ωi is made of a well-behaved fiction that
contains contributions from all excitations. Conversely the sine coefficient b(r, ω) is
proportional to dj(r) with Dirac deltas as weighting factors. Neglecting the oscillation
in phase with the external field bearing from the cosine a(r, ω) coefficient, the mode
is simply:

R(r, t, ωi) = − lim
η→0

η−1di(r)sin(ωit) (6.14)

This approach has been implemented by Sinha-Roy and coworkers as a stand-
alone program,4 namely FTDensity. The program requires the precalculated time-
dependent density to be given as grid format object. Thus a collection of snapshots
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of the density has been stored using the CUBE file format. Cube files were converted
to DX file format which is natively supported by FTDensity. We tested FTDensity
in the case of the water molecule. We performed a real-time simulation of 10000 time
steps of length ≈ 0.1 a.u (0.0037 ~/eV). We employed an analytic δ-function pulse
with a strength of k = 8.0×10−4 a.u.. The time-dependent densities were written out
for every 10th time step. We verified that this time step allows to obtain the spectra
and, likewise the induced densities. The disk storage required for the analysis has
been about 6 Gb.

Figure 6.7: Density mode R(r, Ti/4, ωi) and spatial distribution of the modulus of
S(r, ωi) for two different frequencies ω = 9.226 eV (isosurface value ±2.3× 10−5 au)
and ω = 16.508 eV (isosurface value ±5.0× 10−5 au).

In Figure 6.7 we report the spatial distribution of the modulus S(r, ωi) and the
snapshot of reconstructed mode R(r, t, ωi) at t = π/(2ωi) (a quarter of the oscillation
period Ti), that is when the mode is equal to b(r, ωi), for excitation at ω = 9.226
eV and ω = 16.508 eV. As expected for a well-defined excitation the shapes of the
reconstructed S(r, ω) and R(r, t, ω) are nearly identical. The mentioned authors4

demonstrated the same point in the case of well-separated excitation in a linear atomic
chain of 20 Na atoms. Moreover they proved the reliability and accuracy comparing
the reconstructed mode to the transition densities obtained from LR-TDDFT. We
refer the interested reader to Refs. 4 and 10 and therein. We conclude noting that for
the transition density at frequency ω = 9.226 eV the pattern of positive and negative
areas is reverted with respect to the transition density we have calculated according
to Eq 6.7 and reported in Figure 6.5: indeed in Eq 6.7 the overall scaling factor is
omitted.

With respect to the on-the-fly Fourier Transform we have addressed in the previous
section, this method, being a totally independent post process is not bounded to
the real-time simulation generating the density snapshots. Thus once the density
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snapshots are stored, it is possible to vary the analysis parameter such as, the sampling
frequency, or the frequency domain of interest without the need of carrying out a new
real-time simulation.

6.6 Refinement of transition densities from Fourier
transform of δ-kick induced density

In the previous Chapter we reported a novel method that allows to perform the accu-
rate Fourier-transform evaluation of transition densities, even in the case of excitations
stemming from challenging electron dynamics.5 The method is expected also to be
capable to extract accurate transition densities in those cases where the transitions
lie and possess low intensity. We recall that for a finite system with M close-lying
transitions 0 → n1···M , the equation relating the Fourier transformation δρ̂(r, ω) of
the density fluctuations and the transition density reads as:

Im{δρ̃} = CAρ (6.15)

where Im{δρ̃} is a matrix holding in each row the m-th imaginary part of the Fourier
transformation δρ(ri, ωm) represented at grid points and A is defined as:

Ajj = −(k · r0nj )T (6.16)

where k and r0nj are the vectors defining the δ-kick boost and the transition dipole
(i.e rlj = 〈l|r̂|j〉 where r̂ = {x̂, ŷ, ẑ}) respectively, while the scale factor T is the
propagation time. C depends on transition energies

Cij =
sin((ω0ni − ω0nj )T )

(ω0ni − ω0nj )T
(6.17)

and it is symmetric with diagonal entries of 1. Matrices A and C need to be inverted
so that the transition density is obtained as:

ρ = A−1C−1Im{δρ̃} (6.18)

In our reference implementation of RT-TDDFT based on Psi4NumPy, Gaussian
basis set is used through the calculation. Thus the computational strategy for the
transition density has to be adapted to the basis set representation framework. Since
in our real-time propagation scheme the time-dependent density matrix at each time
step is readily available and contains all the relevant information we perform a step
by step discretized Fourier transform of the induced density matrix as:

∆D̃ωm =
1

∆t
·
Nmax∑
k=0

(D(tk)−D0)e−iωmk∆t (6.19)

Equation 6.18 has been modified so that, Im{δρ̃} is an M-supervector containing
nbas× nbas matrices representing the imaginary part of of ∆D̃M where nbas is the
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x y z
Psi4 0.00000 0.00002 -0.57098
NW-LR 0.00000 0.00002 -0.57024

Table 6.5: The spatial components (x, y, z) of the transition dipole vector are com-
pared to the result obtained using NWChem-LR.

number of basis set functions: ρ0n1

...
ρ0nM

 =

 ā11 ā12 . . .
...

. . .

āM1 āMM


 c̄11 c̄12 . . .

...
. . .

c̄M1 c̄MM


 Im{∆D̃0n1}

...

Im{∆D̃0nM }

 (6.20)

Consequently the left-hand side of Eq. 6.20 is the resulting M-supervector containing
ρ0nM matrices of dimension nbas × nbas . In this notation ājj = A−1

jj and c̄ij =

(C−1)ij are the elements of the inverse of matrix C. It is easy to note that in
this derivation the transition dipole is a vital piece of information. The unit vector
corresponding to the transition dipole can be obtained diagonalizing the frequency-
dependent polarizability tensor:11

αrq(ω) =
1

kq

∫ +∞

0

[µrq(t)− µ0
r]e
−iωtdt (6.21)

while its length |µ0j | is determined from the previous knowledge of f0j .
The implementation previously outlined has been used to calculate the transition

density for the electronic excitation corresponding to ω = 9.226 eV. In Table 6.5 the
transition dipole associated to the calculated transition density is reported. The self
consistent correction (see section 5.2.2 in Chapter 5) has not be applied since the
difference between |µdens0j | and |µspec0j | is negligible (7 × 10−4). We report the transi-
tion dipole obtained using NWChem-LR for comparison. It important to note that
the spatial components of the transition dipole depend on the molecular orientation
(i.e rigid rotations), however the corresponding oscillator strength is invariant since
depends on the squared norm of the transition dipole vector. In Figure 6.8 the tran-
sition density has been reported as isovalue surfaces. It is interesting to note that the
pattern of red and blue lobes is the same of the sine coefficient b(r, ω) = R(r, Ti/4, ωi)
obtained using FTDensity program (Figure 6.7).

6.7 Natural transition orbitals

We have detailed in the last part of Chapter 5 that the transition density in the most
general form can be expressed as a rectangular matrix in the MO occupied− virtual
subspace:

Tia = 〈ϕi|ρ0I(r)|ϕa〉 (6.22)

Since the T matrix cannot be simply diagonalized in the MO occupied − virtual
subspace, we apply a singular valued decomposition (SVD) according to:

T = UΣV † (6.23)
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Figure 6.8: Transition density corresponding to ω = 9.226 eV, depicted by means of
isovalue surfaces (± 0.0025 au)

where Σii are the singular values. In Chapter 5 we have demonstrated that the
matrices TT † and TT † are diagonalized by means of the transformation matrices U
and V respectively.

The NTO analysis has been applied to the transition density associated to ex-
citation A (ω = 9.226 eV) of the water molecule. The transition density has been
calculated according to the scheme implemented in Psi4-RT and reported in sec-
tion 6.6. Nevertheless the transition density matrix is obtained as a squared M ×M
matrix in the AO basis, thus it has to be transformed to the occupied− virtual MO
basis (C†occT

AOCvirt) before the SVD can be applied. We employed the NumpPy
function numpy.linalg.svd() to carry out the SVD as shown in the svd analysis() code
available at Ref. 7. The NTO have been reported as isovalue surfaces in Figure 6.9
: in the last row we reported the hole (ρH) and particle ρE densities, demonstrating
that only the first NTO pair (φhole1 , φpart.1 ) contributes to the formers. For the water
molecule λi eigenvalues (i = 1, .., 5) are reported in Table 6.6. It is worth mentioning
that for a closed-shell molecule α and β transition densities stemming from identical
α and β densities are identical as well. Thus the λ eigenvalues are multiplied by a
factor 2. It can be observed that λk’s meet the requirement of summing to ≈ 1. In
conclusion the transition density represented in the occupied− virtual subspace has
been reduced to a nocc×nocc dimensional matrix in the basis of the natural transition
orbitals which corresponds to nocc particle-hole amplitudes. The hole amplitude (φhk)
in the occupied space is paired to the particle amplitude (φpk) in the virtual space
by the associated λk. The λk eigenvalue reflects the importance of the particle-hole
excitation and it has been demonstrated (see Table 6.6) that just one single hole-
particle excitation captures almost entirely the nature of the electronic excitation. It
is satisfying to note that the relevant unique natural transition orbital pair closely
resembles the HOMO-1-LUMO (ϕ4 − ϕ6) orbital pair (see Figure 6.9).

Analogously to the transition density, hole and particle densities can be expressed
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λ λ′

1 0.99420 0.99420
2 0.00867 0.00867
3 0.00061 0.00061
4 0.00027 0.00027
5 0.00000 0.00000
sum 1.00375 1.00375

Table 6.6: Value of λ and λ′ for the NTO for the transition density associated to the
excitation A (ω = 9.226 eV).

in terms of NTOs12. We show hole and particle density, ρH and ρE respectively in
the last raw of Fig 6.9. The λk eigenvalues can be used to define the so-called NTO
participation ratio:

PRNTO =
(
∑
i λi)

2∑
i λ

2
i

=
Ω∑
i λ

2
i

(6.24)

The PRNTO quantifies the number of independent contribution to the excitation. It
has been shown that a CIS state with PRNTO = 1 can be be expressed by a single con-
figuration state function, whereas in the case of PRNTO > 1 several configurations are
needed13 to describe the excited state, which can be attributed to static correlation.
In the case of the transition density of the excitation A in water we obtained PRNTO

to be equal to 1.02. The second pair of eigenvalues reveal only a small contribution
from the parent molecular orbitals (ϕ3 and ϕ7). Despite the picture that emerges in
a qualitative agreement with the weighted molecular orbital analysis (Figure 6.2 and
Figure 6.3), the NTO scheme clearly points out that this transition is mainly governed
by one-particle excitation. We mention that this is the first application of the NTO
scheme to a transition density reconstructed from a real time calculation. Further
studies on more complex molecular systems and different electronic transitions are
highly desirable in order to assess the numerical stability of the method in relation at
the quality of the reconstructed transition densities.

6.8 Conclusions

In this Chapter we have demonstrated that electronic excitations can be character-
ized in the real-time framework, not only by calculating the frequency and oscil-
lator strength, but also calculating the corresponding transition density and corre-
lated quantities. The methodologies we discussed have been implemented in our RT-
TDDFT code based on Psi4NumPy (Psi4-RT) and have been applied to the excitation
at frequency ω = 9.226 eV and ω = 16.508 eV of water.

We showed that the decomposition of the time-dependent dipole moment in terms
of molecular orbital (MO) contributions is the starting point for more elaborate meth-
ods. The MO-pair contributions to the dipole moment can be analysed in frequency
space, so that the dipole-weighted transition density matrix analysis can be obtained:
the resulting bi-dimensional maps unambiguously identify the relevant MO-pair con-
tributions to a given transition.
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Figure 6.9: Upper part: Hole and particle amplitudes (φhole1 ,φpart.1 ) associated to the
largest λ eigenvalue (λ1 = 0.99420) are compared to their parent molecular orbitals
ϕ4 and ϕ6 respectively. An isovalue surface of ± 0.07 ea−3

0 has been used. We also
show the total hole and particle densities ρH, ρE (± 0.0025 ea−3

0 ). Bottom part: Hole
and particle amplitudes (φhole2 ,φpart.2 ) associated to λ2 eigenvalue (0.00867) along with
their parent molecular orbitals (ϕ3 and ϕ7). The nature of the transition is entirely
captured by the φhole1 ,φpart.1 pair.
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Similarly dipole strength functions corresponding to MO pairs can be calculated.
Singling out MO-pair contributions to the dipole strength function allows to determine
the most important contribution to the total spectrum and makes possible to define
the transition coefficients. Transition coefficients are well defined quantities both in
real-time and linear-response frameworks. We have seen that when linear response and
real-time based coefficients are compared some differences may appear in the weight
assigned to each MO-pair, nevertheless the overall interpretation of the excitation
does not differ in the two frameworks.

The other important source of information in RT-TDDFT is the transition density.
The analysis of transition density helps to explore the nature of a given electronic ex-
citation, in particular, its visual inspection by means of isovalue surface plots allows to
catch the peculiarities of two different excitations. Performing a step-by step Fourier
transform of the deformation density δρ(r, t) induced by a δ-kick, the deformation
density in frequency space, δρ̃(r, ωn) has been obtained for preset frequencies. An al-
ternative route to obtain approximate transition densities is to calculate ground state
(GS) molecular orbital products: we showed that these GS orbital products yield
reasonable approximation to the transition density and can be used to interpret the
spectral feature in terms of transition from occupied to virtual orbitals. Finally, when
it comes to compare two different transition densities we have seen that numerical
descriptors yielding information about the spatial pattern and overlap between two
transition densities, proved to be particularly useful.

We stressed the fact that in the real-time framework is possible to sample the
time-dependent density deformation. For a predetermined frequency components of
the perturbing field, the time-dependent deformation density defines a density mode
R: cosine a(r, wn) and sine b(r, wn) coefficients of a given density mode R have
been obtained by means of the FTDensity program developed by Sinha-Roy et al:
b(r, ωn) is proportional to the transition density. This approach is particularly useful
in the case of plasmonic excitations since the visualization of the density modes, as
we reported in the previous Chapter, it allow to address the composite character of
such excitations. Nevertheless also in the case of non-plasmonic and well-separated
excitations the inspection of density modes is instructive and yields comparable results
to those obtained using the previously outlined methods.

In the case of excitations with low intensity or involving challenging electron dy-
namics, that is when for example the transition we are interested in is overlaid by a
stronger one, the calculation of the transition density can be cumbersome. We have
seen that the Fourier transform of the time-dependent density can be refined using
algebraic methods, so that accurate transition densities are delivered even in this
problematic cases.

The information contained in the transition density can be further singled out
using “natural transition orbitals” approach. The NTO for the excitation of water (ω
= 9.226 eV) have been calculated showing that the nature of the excitation is entirely
captured by a single NTO-pair, bearing resemblance to the HOMO-1 - LUMO pair.

We have shown that these methodologies, both native either inherited from lin-
ear response, can be used characterize an electronic excitation far beyond the simple
inspection of the power spectrum obtained from the real-time propagation: we high-
lighted the pros and cons of these approaches using a common computational frame-
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work. The Psi4NumPy framework allowed us to easily manipulate all the quantities
involved in the algebraic transformations and sampling of the time-evolving density,
benefiting from the strict control of parameters involved in our simulations. As a
perspective in order to emphasize potential advantages and disadvantages of different
methods one has to analyse more complex transitions and molecular systems. The
methods implemented here can be easily extended to the relativistic 4-component
framework implemented in BERTHA extending the possibility to characterize the
electronic transitions including spin-orbit coupling effects.
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Conclusions

The work carried out in this Thesis aimed at giving a new and insightful contribu-
tion to the scene of time-based approaches used to tackle problems involving time-
dependent potentials. In this spirit we outlined the basic theory based on quantum
mechanics of time-dependent Hamiltonians. The development of few key concepts
led us to the definition of the time-evolution operator which plays a central role in
our entire treatment. The equation of motion for the time-evolution operator has
been cast in the interaction picture and as a first instructive case we derived the
working equations for the two-level system. Firstly, we reported the induced oscilla-
tion in the two-level system subjected to an oscillating field. The characteristic Rabi
oscillation, that is the population inversion at resonance have been discussed, along
with the time-evolution of the induced dipole moment. Then we moved to the case
of the impulsive perturbation. The dipole moment oscillates indefinitely in time as
the system freely evolves. Further we proved the importance of the time-evolution
operator, deriving the general expression of the response function, which describes
the response of the system to a weak perturbation. The equation of motion for the
density operator led us to the Liouville-von Neumann equation. We stressed that the
Liouville-von Neumann equation is part of a hierarchy of representations in which
each level allows to introduce new physics with respect the previous stage. Again, we
used the two-level system to illustrate the main lines of the formalism.

Proceeding to the realm of mean-field theories, we showed that the Liouville von-
Neumann equation maps into a time-dependent equation for the density matrix cor-
responding to single determinant of orbitals. Within this Thesis we focused on the
Hartree-Fock or Density Functional Theory in the derivation of mean-field equations.
The Liouville-von Neumann equation for the density matrix is the starting point
to derive either: the generalized eigenvalue problem corresponding to the Casida’s
equation or the real-time equation of motion. The former is obtained under the as-
sumption of weak perturbation that is the linear regime, while the latter can also
tackle dynamics involving the strong field regime.

In the central part of the Thesis we addressed the study of the time-evolution
of the electron density in atomic and molecular systems using TDDFT in real-time.
Real-time TDDFT is nowadays well established, with several non-relativistic imple-
mentations that have been presented in the last decade. However, the application of a
real-time propagator scheme within the relativistic four-component Dirac-Kohn-Sham
framework is still at its early stage. In this respect we reported our implementation of
real-time TDDFT within the BERTHA program. The development of the real-time
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module benefited from the Python API we made available in BERTHA. We showed
that the overhead due to the Python layer is negligible, moreover the parallelization
strategies recently introduced in BERTHA allow to accelerate the time-propagation.

We tested the machinery in the case of electronic excitations in group 12 atoms,
showing that the emergence of spin-forbidden transition as the atomic number in-
creases, going from Zinc to Mercury. We also studied the effect of density fitting
approach in the case of the water molecule, where the relativistic effects are expected
to be negligible. We used as reference the results obtained from a real-time prop-
agation employing a prototypical implementation of non-relativistic RT-TDDFT in
Psi4NumPy. The use of a reference implementation of non-relativistic RT-TDDFT
has been invaluable in this study.

An important advance in the applicability of real-time simulations in the context
of localized basis functions has been presented. We extended the Frozen Density Em-
bedding scheme to the real-time approach, so that electronic excitations in molecular
systems interacting with a chemical environment can be studied. We employed the
real-time module developed within Psi4NumPy as framework for the embedding cal-
culations. We tested our implementation in the case of water embedded in ammonia,
and we also tackled the low-lying excitation in acetone embedded in a realistic wa-
ter cluster showing that our approach is sound and yields accurate results in good
agreement with reference data. Finally, we demonstrated that the time propagation is
stable also in the non-linear regime, that is when high intensity fields are employed. In
particular, we studied the high harmonics generation both in isolated and embedded
molecules.

In the last part of the Thesis we addressed the characterization of the electronic
excitations. We reviewed the most relevant techniques that can be used to explore
the nature of electronic excitations, identifying two main classes of methods: Firstly,
we have examined those techniques based on the orbital decomposition of the dipole
strength function, allowing to rationalize the excitation in terms of transition from
occupied to virtual orbitals. Secondly, we turned our attention to methods based on
Fourier transform of the time-dependent density, which is a well defined quantity in
TDDFT. In the latter case for preset excitation energies the associated transition den-
sity can be visualized by means of isovalue surfaces, or further decomposed in orbital
pair contributions. In the last Chapter we demonstrated how such different methods
originally proposed in different contexts, can be formulated in the atomic-centred basis
set framework. The analysis of electronic excitations in the water molecule provided a
useful test case: we proved that the concerted application of these analysis techniques
yields an in-depth characterization of the electronic excitation under investigation.

In summary, we revised the fundamentals of the time-dependent quantum theory,
providing a sound background for the development of the real-time approach. Bene-
fiting from the most recent advances introduced in BERTHA we have led the way to
the extension of the applicability range of the real-time Dirac-Kohn-Sham methodol-
ogy both in linear and non-linear regime. Moreover, we investigated many interesting
aspects concerning the inclusion of environmental effects in real-time simulations. Fi-
nally we revised several methods to characterize electronic excitations and we applied
them to an instructive case study.

The picture we have tried to delineate, suggests the future steps to be undertaken:
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the inclusion of environmental effects in the real-time Dirac-Kohn-Sham methodology
would allow to study the properties in solution of excimers containing heavy elements,
whose spectral features can be analysed using the techniques we have outlined and
implemented here.
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Appendix A

Simple mathematical proofs

A.1 Full width at half maximum

In this Section we show how to determine the full width at half maximum (fwhm) of
the frequency-dependent probability |c2(ω)|2max we derived for the two-level system
subjected to an oscillating time-dependent potential. We recall that the fwhm of a
bell-shaped function is the width of the curve measured between those points on the
y-axis which are half the maximum amplitude.

The problem we are attempting to solve is defined by the following equation:

|c2(ω)|2max =
γ2

(ω − ω21)2/4 + γ2
sin2

(√ (ω − ω21)2

4
+ γ2 t0

)
=

1

2
(A.1)

where t0 = π
2γ is required to meet the maximum value condition for c2. As it will

be clear soon the result is independent on the choice of t0. We define the auxiliary
variable ξ as:

ξ =

√
γ2 +

(ω − ω21)2

4
t0 (A.2)

then we have to solve the following equation:

γ2t20
ξ2

sin2ξ =
1

2
(A.3)

The auxiliary variable we defined in Eq. A.2 is clearly dependent on ω and near
resonance (ω ≈ w21) the following conditions hold:

ξ(ω)|ω≈ω21
= γt0

sin2(γt0) = 1 (A.4)

so that we have are left with a rather simple equation to solve:

ξ2 = 2γ2t20 (A.5)
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Substituting Eq. A.2 in Eq. A.5 the roots of the second-order polynomial are given
as:

ω2

4
− ω ω21

2
+
ω2

21

4
− 2γ2 (A.6)

The roots we seek are simply ω± = ω21 ± 2γ, in other words the points that define
the fwhm are equally spaced from the centre of the distribution, so that the width of
the curve is ∆ω = ω+ − ω− = 4γ

A.2 Algebraic properties of the density matrix

The density matrix we are considering here is the matrixD representing the electronic
density on the basis functions:

ρ(r) =
∑
r,s

Drs χr(r)χ∗s(r) (A.7)

where r is a shorthand notation for (x, y, z), while in Dirac notation the corresponding
operator reads as (see Eq. 1.122)

ρ̂ =
∑
r,s

|χr〉Drs〈χs| =
Nocc∑
i

|i〉〈i| (A.8)

Projecting ρ̂ on the |ξ′〉 position ket and summing over the continuous variable ξ′

(implying that
∑
a′ →

∫
dξ′)∫
〈ξ′|ρ̂|ξ′〉dξ′ =

∑
i

∫
〈ξ′|i〉〈i|ξ′〉dξ′

=

Nocc∑
i

〈i|i〉 = Ne (A.9)

where we have assumed integer occupation number corresponding to the ith molecular
state and Ne is the total number of electron.

Alternatively we recognise that 〈ξ′|ρ̂|ξ′〉 = ρ(ξ′) and of course we have that∫
ρ(ξ′)dξ′ = Ne (A.10)

and substituting Eq. A.7, using also
∫
χr(ξ

′)χ∗s(ξ
′)dξ′ = Ssr, finally we get∑

r,s

DrsSsr = Tr[DS] = Ne (A.11)

A.3 Derivation of Liouville-von Neumann equation

We start the derivation of the Liouville-von Neumann equation considering the time-
dependent Schrödinger equation

Ĥϕl(r, t) = i~
∂

∂t
ϕl(r, t) (A.12)
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where Ĥ is the mean filed operator in DFT or Hartree-Fock theory and ϕl(r, t) are a
time-dependent molecular orbitals used to build the Slater determinant.

We aim at obtaining a representation on a basis set, thus expanding the time-
dependent molecular orbitals of Eq. A.12 in an non-orthonormal basis set we get
: ∑

j

CjlĤ|χj〉 = i
∑
j

∂Cjl
∂t
|χj〉 (A.13)

Multiplyng to the left by 〈χm| we obtain a set of differential equations for the coeffi-

cients Cqk (Ċjl stands for
∂Cjl
∂t ):

Hmj Cjl = i~Smj Ċjl (A.14)

In matricial notation, C being the matrix which collects the column vectors repre-
senting in the basis set the eigenvectors of H, the equation reads:

HC = iS Ċ (A.15)

We single out Ċ matrix multiplyng by S−1 to the left Eq. A.15

Ċ = −iS−1HC (A.16)

while Ċ† is obtained from the transpose of Eq. A.15

C†H† = −iĊ† S =⇒ Ċ† = iC†HS−1 (A.17)

Since:
∂

∂t
(CC†) = Ċ C† +C Ċ† (A.18)

we use Eq. A.16 and A.17

Ḋ = −i
(
S−1HD −DH S−1

)
(A.19)

where Ḋ = ∂
∂t (CC

†) and D = CC†.
If we rearrange Eq. A.19 multiplyng by S both sides we obtain:

iS Ḋ S = HDS − SDH (A.20)

In an orthonormal basis Liouville-von Neumann equation reads as:

iḊ = [H,D] (A.21)
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